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PREFACE. 

In modern telegraphy and telephony, both* wired and 
wireless, repeated networks such as artificial transmis¬ 
sion lines, line balances, filters, and phase shifters are 
becoming of increasing importance, and a knowledge of 
their action is becoming essential to all engineers. 

The present book is an attempt to give a general 
introduction to the theory of such networks and to put 
the reader in a position to enter into the literature of' 
the subject. The first chapter deals with the theory of 
the T and n section artificial lines in considerable detail. 
Chapter II. gives the general theory of repeated net¬ 
works and deals with the most general type of artificial 
line ; Chapter III. deals with some generalisations of 
the T and I I sections. 

These three chapters are the most important; ' the 
remaining chapters are extensions or applications. 
The chapter on Filters is restricted to a treatment of 
the simpler types; the important work of Zobel on 
composite filters and terminations is omitted, as there 
are a number of books available which deal with the 
subject in great detail. 

Chapter VIII. deals at some length with the Homo¬ 
graphic Transformation, for, though many circle diagrams 
are in use, the fundamental theory does not appear to 
be widely known. 



vi 


PREFACE 


Chapter IX. gives a theory of the Multistage Ampli¬ 
fier depending on a slight extension of the methods of 
Chapter II. 

The literature of this subject, which owes so much 
to Kennedy and G-. A. Campbell, is now so vast that no 
attempt has been made to give a Bibliography. 

I wish in conclusion to thank Mr. J. F. Ramsay for 
finally transcribing and checking the whole MSS. ; with¬ 
out his assistance it would never have been completed. 

I wish also to thank Mr. N. R. Bligh for his valua- 
able help in reading proofs, and particularly for drawing 
my attention to the equivalent valve circuit shown in 
Fig. 148(5) and to its advantages. 

A. C. BARTLETT. 


31 Malden Road, 

Watfoed, Hebts, 

January, 1930 . 
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CHAPTER I. 


THEORY OF T AND II SECTION ARTIFICIAL LINES. 


§ 1. Definitions. 

An artificial line will be taken throughout as being an 
electrical network constructed of any number of identical sections, 
each section consisting of a passive network. By passive is meant 
that the network consists of resistances, capacities, self and mutual 
inductances only, and contains no sources of power. 

Each section has two pairs of terminals, a pair for “ input ” 
and a pair for “ output ” : in 
addition it must be electrically 
symmetrical with respect to its 
two pairs of terminals, i.e. it is 
immaterial which of the two 
pairs of terminals is used for Fig. 1. 

input or which for output. 

The sections are connected so that the output terminals of the 
first section are connected to the input terminals of the second 
section, and so on, while the output terminals of the last section are 
usually closed through a terminating impedance. 




Fig. 2. 


Thus an artificial line section may be represented, as in Fig. 1, 
by a box having two pairs of terminals. An artificial line of three 
sections closed through a terminal impedance 0 is shown in Fig. 2. 
Various examples of artificial fine sections are shown in Fig. 3, 

1 





§ 2 artificial lines and filters 

It wilL be seen that the above definition, which requires only 
that the sections are,electrically symmetrical and passive, is a very 
general one; that it includes filters and that it does not require 
that an artificial line shall have any relation to any physically 
existent telephone or power transmission line. 

An artificial line designed to be equivalent to a telephone or 



Fig. 3. 


power line both as regards input and output terminals will be 
termed an “Artificial Telephone or Transmission Line.” 

The term impedance will be used throughout in a dual sense, 
either to mean an electrical network as a physical arrangement of 
resistances, condensers and inductances having a single pair ol r 
terminals, or as the algebraic expression (usually a complex 
quantity) for the impedance of the network. 

§ 2. T and II Section Artificial Lines. 

In this chapter only some of Tihe simpler types will be con- 


y y y 



Fig. 4. 


sidered, viz. the T and II sections which both arise from consider¬ 
ing the ladder network of which a portion is shown in Fig. 4, 
having equal series impedances Y, and equal shunt impedances X. 

2 



T AND n SECTION ARTIFICIAL LINES § 2 

The calculation of current and voltage in such a network is 
greatly simplified if the terminations are either as shown in 
Fig. 5(a) or 5(b). 


% y y y % 



(jOL) 

Y Y Y Y 



(d) 

Fig. 5. 


The ladder network of Fig. 5(a) can be re-drawn as Fig. 6. 

It is seen to be a four-section artificial line made up of four 
sections, such as in Fig. 7. 

*2 *2 *2 *2 ^2 % ^2 ^2 



Fig. 6. 


Similarly, the network of Fig. 5(b) is a four-section artificial 
line, a section of which is shown in Fig. 8. 



Fig. 7. Fig. 8. 


The two types of artificial line section shown in Figs. 7 and 8 
are known as the T and II artificial line sections, respectively, and 
are the most common and useful. - 
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In general, however, they will not he regarded as derived from 
a common ladder network, hut will he treated as two separate 
types, as in Fig. 9. 

In each case A is the series impedance and JB the shunt im¬ 
pedance. 



Standard T Section. Standard n Soction. 

Fig. 9. 


§ 3. Theory of the T Section Artificial Line—The Difference Equations. 

Consider an artificial line (Fig. 10) consisting of n T sections 
terminated by an impedance z. A voltage V 0 is applied to the 
input terminals. 

Let Vj, V 2 , . . . V™ be the voltages across the output terminals 
of the first, second, third, etc., sections, so that V n is the voltage 
across z. 

Let I 0 be the current flowing into the network, and let 



Fig. 10. 


Ii, I 2 , . . . I n he the output currents of the first, second, third, 
etc., sections, so that I n is also the current through 0 . 

The problem is : Given A, B, n and V 0 , determine I 0 , I p . . . 1,„ 
and Y 19 V 2 , . . . V n . 

Consider first one of the intermediate sections, e.g. the rth, 
together with the (r 4 - l)th sections, as shown in Fig. 1 l. 
Applying to the central mesh Kirchhoff’s Law that the sum of the 
E.M.F/s round the mesh is zero we obtain 

2AI r + B(I r - I r _ 0 + B(I r - I r + ,) - 0 
Ir +1 - 2 . I r (l + A/B) + l r __ , - 0 
4 


i.e. 


3.1 
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This is a Difference Equation (cf. Boole, “ Finite Differences/’ 
Chap. XI.), the solution of which is known to be 

l r — a cosh rO + b sinh r6 . . 3.2 

where 6 is given by 

cosh 6 = 1 4- A/B .... 3.3 

The constants a and b are determined from the boundary 
conditions. 

A similar difference equation can be obtained connecting 
V r + 1 , V r , V r _ j. Returning to Fig. 11 we may write down the 
following set of equations from Kirchhoff’s Laws :— 

V r _ ! = (A 4- B)I r _ , - BI r 

Y r = (A + B)I, - BI r + x 

— V r + i = (A -+- B)I r _(_ x — BI r . 

r th sect/or? jf h sect/ on 



Fig. 11. 


Multiply these equations by B, - 2(A 4- B) and - B respec¬ 
tively and add them, obtaining 
BV, + x - 2(A + B)V,. + BV r _ , 

= (A 4- B)[BI, + x - 2(A + B)I r 4- BI r - i]. 
But the right-hand side is zero by equation 3.1, so that, dividing 
out by B, 

V / + 1 - 2 V r (l 4- A/B) 4 - y f .x = 0 . . 3.4 

a difference equation relating successive V’s of exactly the same 
form as that relating successive I’s. 

The solution of this equation is 

V r = c cosh rO 4- d sinh rO . .3.5 

where, as before, 

cosh 0 = 1+ A/B 

and c and d are constants determined by the boundary conditions. 

§ 4. The Infinite Artificial Line. 

The determination of the constants will now be considered 
for a line having an infinite number of sections. If we assume 

5 
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§ 4 

that A and B are each or either to a, certain extent dissipative, i.e. 
contain resistance, then both voltage and current in the rth section, 
as r tends to infinity, will tend to zero. 

Thus, in the two equations 3.2 and 3.5, we get, putting I r = 0, 
V r — 0, and t -> oo , 

0 =» a + b 
0 — c -b d 

since cosh r0 and sinh tQ approach equality as v oo . 

Therefore in general 

l r = a(cosli — sinh r$) 

« ae ~ rd 

Y r — c(cosh r# ~ sinh r0) 

« ce ” re 

Of the four constants a , 6, c, two only, a and c, remain to 


be determined. By putting r = 0 in the last equation, c == V 0 . 

To obtain the value of a consider the first section of the 
artificial line ; from KirchhofFs Law 

V 0 = (A + B)I 0 - BI, 

= (A + B)a — Bae “ 6 . . .4.2 

Since cosh 0 = 1 + A/B, it follows that 

« - 9 - 1 + g - ^.s/(A 2 + 2AB) . . 4.3 

Inserting this value of e ~~ 6 in 4.2, 

V 0 - c<V(A 2 + 2AB); a - YJ^ (A 2 + 2AE) . 4.4 

Thus the constants are now completely deter min ed, and the 
final equations are 

V r = V oe ~ra.4.5 

Ir = Y 0 e-**/*/( A 2 + 2AB) . . .4.0 

which is the required complete solution. 


It is of interest to compare these results with the correspond- 
ing results for an infinite uniform transmission line such as given 
in Flemings tl Propagation of Electric Currents in Telephone and 
Telegraph Conductors,” Chap. III., when it will be seen that 
they are of the same form. 

In the case of the artificial line nd corresponds to P£ for the 
uniform line, and ./(A 2 + 2AB) corresponds to . A 

6 
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similar terminology for these quantities will be adopted, viz. 6 is 
the Propagation Constant per section , and ^/(A 2 + 2AB) is the 
Characteristic Impedance ; it will be denoted by Z 0 . 

Just as in the case of the . uniform line the Propagation 
Constant is a complex quantity, so in the case of the artificial line 
it will usually be complex, of the form a 4* j/3. 

Here again a is the Attenuation Constant and /3 the Phase 
Constant. 

Thus Y r b Y 0 e ~ rd 

may be written Y r — Y 0 e ~ r(a + 

= Y 0 e ~ ra (cos r/3 — j sin r/3 ) . .4.7 

showing that if a voltage V 0 is applied to the input terminals of 

the artificial line, the voltage at the output terminals of the -rth 
section will be equal to the input voltage with its amplitude 
diminished by the factor e ~ ra to Y 0 e ~ ra , and lagging in phase by 
an angle r/3. 

The model described by Fleming (p. 85) applies equally well to 
the infinite artificial line if the rods are taken as corresponding to 
voltages at the terminals of successive sections. 

The currents are given in a similar way by 

y 

I r = -j~e ~ rCK (cos r/3 — j sin -r/3) . . 4.8 

ZjQ 

and thus only differ from the voltages in that they are multiplied 
by the factor 1/Z 0 , in general a complex quantity. 

The input current to the artificial line is seen to be 

I 0 « YJZ 0 . . . .4.9 

so that Z 0 is the impedance of the infinite artificial line measured 
at its input terminals. The equation for the current may be 
written 

I r = I 0 e - rQ .... 4.10 

which is of exactly the same form as 4.5. 

§ 5. The Finite T Section Line with Terminal Impedance. 

The more complicated problem of determining the constants 
for the case of an artificial line of n sections terminated by an im¬ 
pedance z, as shown in Fig. 10, has now to be treated. 

Consider first the current equation 

I r = a cosh rQ -f b sinh r9 
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The terminal condition for the sending end is the same as was used 
for the infinite line, viz. 

I 0 (A + B) - BI X = V 0 . 

Substituting for I 0 and I x from 5.1. 

(A + B )a - B(a cosh 0 + b sinh 0) = V 0 . 5.2 

Now cosh 0 = 1+ A/B 1 r 

and therefore sinh 0 — ^(A 2 + 2AB)/B = Z 0 /B/ * * 5 ^ 

Therefore 5.2 becomes 

(A + B)a - B{a(l + A/B) + &*/(A 2 + 2AB)/B} = V 0 
whence b = — V 0 /Z 0 .... 5,4 

The other constant a may be determined from the application 
of Kirchhoff’s Law to the last mesh of Fig. 10. 

I W (A + B + z) - l n - iB - 0 . . . 5 5 

whence, substituting from 5.1 for I n and I n _ i and using the value, 
of b just determined, 

cl cosh n0 - sinh ?i0^(A + B. + z) 

= B (a cosh (n - 1)0 - 5.G 

Before dealing with this equation we should note, the following 
results, which are readily derived from equations 5.8 :— 

A + B = Z 0 eoth 6 1 

B = Z ( ,/sinh 0 l . . .5.7 

A = Z 0 tanh 0/2 J 

Let z = Z 0 tanh y . . 5.8 

Returning to equation 5.6, 

= + B + z ) sinh n0 — B sinh (nri - 1)0 r 

a Z 0 (A + B + z) cosh nO — 13 cosh ('n — 1)0 ' 

Now in virtue of 5.7 and 5.8 the denominator of the fraction on 
the right is equal to 

Z 0 |cosh n0 tanh y + cosh n0 coth 0 - S n ~ ^ l 

v. smh 0 J 

= zicosh nd tanh 7 + °°gLf ~~ 

l sinh 0 j 

~ Z 0 {cosh nO tanh y + sinh n0 } 

„ sinh (yi0 + y) 

= Z ° c o sh 7 .5.10 
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In a similar way the numerator is found to be equal to 

Z 0 cosh (^0 -fr y) g.u 

u COSh 7 

Substituting these values in 5.9, 

a = coth Cnd 47 ) . . .5.12 

The complete solution for the current I r is thus 

I r == -S^{cosh rO coth ( n0 4 7 ) — sinh rO] 

^0 _ 

= eosh (n - r.6 4 - 7 ) 5 13 

Z 0 sinh ( 71 $ + 7 ) 

Now consider the voltage equation 

- V r =1 c cosh rS 4 d sinh r6. 

Since V 0 is known we have at once, by putting r = 0 , 

c - Y 0 .5.14 

The other constant is determined by considering the receiving-end 
termination ; by 5.13 I n is known : also I n . z, the voltage across z } 
is equal to Y n . Hence, 

y 0 cosh n6 4 - d sinh nO = V n = I n z 


V 0 cosh 7 
Z 0 sinh (nO 4 7) 
Y 0 sinh 7 
sinh ( 7 b 0 4 7) 


. Z 0 tanh 7 


d = ~ 0 £ • { ———r - cosh n6\ = - V 0 coth (naO + 7 ) 5.16 

sinh nO ^smh (n<9 + 7) J 0 v " 

Hence both constants are determined, and therefore 

Y,. = V 0 {cosli rd - coth (rid 4 7 ) sinh r0\ 

__ v Hinh(y& — 6 + 7) K -.7 

0 sinh - 4 - 7 ) 

Tliis equation, together with equation 5.13, gives the complete 
solution of the problem. 

Reproducing them together, we have 

T __ Y 0 co sh ( 77 , — r . 0 + 7 ) 

” ~ ' ~"smh'(w^'+7) _ 


V — V sinh (ra — r . 4- 7 ) 

r ~ 0 sinh QnO 4- 7 ) 
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or alternatively, introducing 0 directly by putting tanh y 
the solution is 

Z 0 cosh (n — r) 6 + 0 sinh (n — r)9) 


I, - 


V r 


Vo 


Z 0 sinh nO + # cosh nO 
\ sinh (n — r)6 + 0 cosh (n — r)& 
Z 0 sinh nO + # cosh nO 


z/Z 0 


5.19 


§ 6. The Finite Artificial Line with Terminal Impedance. 

Sending-End and Receiving-End Impedances .—The results 
of the previous section give the complete current and voltage dis¬ 
tribution throughout the network, but in general w© are more 
concerned with the terminal cxxrrents and voltages than with the 
currents and voltages in intermediate sections. 

The current entering the first section of the line, i.e. the send¬ 
ing-end current, is obtained by putting r — 0. 

Therefore 

Vn ' -y) . . . . C.l 


I a = coth (nO 

V 0 Z 0 cosh nO q- z sinh nO 
Z 0 Z 0 sinh nO q- # cosh nO 


6.2 


Thus, if the sending-end impedance of an artificial lino of n sec¬ 
tions terminated by an impedance # be denoted by z ni 

z n = Z 0 tanh (nO -by) 1 

= z ?! sinh nO q- z cosh n$ l . . 6 .3 

0 * Z 0 cosh nO q- 0 sinh nO) 

These two results may be compared with the corresponding 
results for the uniform line. (Fleming, “ Propagation of Electric 
Currents/' Chap. III., equations [61].) 

The output current is obtained by putting r = n, hence 

T _ V 0 COSh ry 


sinh (nO q- y) 

__ r ..y 0 __ 

Z 0 sinh nO q- z cosh nO 

V n , the voltage across z t is given by 

y = v __ ® inh l _ 

0 sinh ( n$ q- y) 

— z X I 7l . 

10 
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The receiving-end impedance y nj defined by l n = V 0 /y n , is there¬ 
fore given by 

„ sinh (n 6 4 - <y ) 

y- = z « —— 

= Z 0 sinh nO + 0 cosh n0 . . . 6.6 

It has already been seen that Z 0 is the sending-end impedance 
of the infinite artificial line, assuming that dissipation is present. 
There is another important and almost self-evident aspect of Z 0 ; 
suppose a line of n T sections is terminated by an impedance equal 
to Z Q ; then from 6.3 

£71 ” Z 0 . 

Further, putting 0 = Z 0 in 5.19, 



V r = V 0 e - 

Now, these are the same currents and voltages which obtain if 
the line is infinite; hence, in an artificial line terminated by an 
impedance equal to Z 0 the current and voltage distributions are 
exactly the same as if the line were infinite. 

§ 7. The Finite Artificial Line Short-circuited at the Output Terminals, 

If 2 t = 0 , i.e. the output terminals are short-circuited, then from 
equations 5.8, 6.3 and 6.6 

<y = 0 

z tl = Z 0 tanh nri9 . . . .7.1 

y n = Z 0 sinh nO . . . .7.2 

§ 8 . The Finite Artificial Line Open-circuited at the Output Terminals. 

If in equation 6.3 we put 0 = 00 , 

— Z 0 coth nO . . . .8.1 

while from equation 5.19 the terminal voltage is given by 

V w — V 0 sech tiO . . . . 8.2 

An important property of the T section artificial line now be¬ 
comes evident; if Z c is the sending-end impedance of an artificial 
line of 7 i sections short-circuited or closed at the output terminals, 
and Z/ is the sending-end impedance of the same line open-circuited 
or free at the output terminals, then 

Z c = Z 0 tanh nO . . . .8.3 

Zf = Z 0 coth 7 b 9 .... 8.4 

and . *. Zf^Zj = Z 0 2 . . . . .8.5 

11 
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This important property, which corresponds to the similar re¬ 
sult for the uniform line, enables Z 0 and 6 to be determined for 
any given T section at any frequency by means of two direct 
impedance measurements. In the next chapter it will be shown 
that this is true for any symmetrical network, and it will be taken 
as a fundamental property of the general artificial line. 

§ 9. The TI Section Artificial Line. 

The theory of the II section artificial line can be dealt with in 
a very similar manner. 

As the difference equations are of the same form it is unneces¬ 
sary to go through the details. The only difference lies in the 
characteristic impedance, which in this case is given by 

AB 

0 + 2AB)’ 

while cosh 6 — 14* A/B, as for the T section. 

With this difference for Z 0 the whole of the formula* of §§ 4, 
5, 6, 7 and 8 can be taken over bodily. 


§ 10. Simple Networks related to the T and 77 Section Lines. 

Taking first the T section line, we have 
Z 0 - V(A 2 + 2AB) 
and cosh <9 = 1-+- A/B. 

It has already been noticed (5.7) that 

A — Z 0 tanh 0/2 \ 

A + B - Z () coth 0 J * l 

In fact, this last result is nothing more or less than equation 8. 1 
applied to a single T section. 

By 7.1 we see that, for a single section, 

Z c = Z 0 tanh 0. 


Thus, from first principles, 

Z 0 tanh 0 = A + 


1 A AB 

—. = A +- . . 

1 A + B 


and further, since 


A + B 
A = Z 0 tanh 0j% 
Z„ ooth 0/2 , ZVi ^ m 

_ A 2 + 2AB 
A 

A + 2B 


10.2 


12 


10.3 
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From these we have 

B - A + B - A 

= Z 0 coth 0 - Z 0 tanh 0/2 
_ Zq 
sinh 0 


10.4 


Associated with the T section artificial line we have then a 
number of simple networks whose impedances are simple functions 
of Z 0 and 0. 

By using these results the T section can be represented as in 
Fig. 12. 



Fig. 12. Fig. 13. 


Similarly, for the II section it can be shown that 

A = Z 0 sinh 6 1 , () r _ 

B - Z 0 coth 0/2 J.' 

= Z 0 tanh 0/2 . . . 10.6 

- Z 0 tanh 0 . . .10.7 

= Z 0 coth 0 . . .10.8 

while, corresponding to Fig. 9(6) there is Fig. 13. 

§ 11. M Equivalent T ” and “ Equivalent 77 55 for Uniform and Arti¬ 
ficial Lines. 

It has already been pointed out how similar the artificial line 
formulae are to those of the uniform line. Consider the relation 
between a uniform line of length l , characteristic impedance Z 0 , 
and propagation constant P, per unit length, with the artificial, line 
shown in Fig. 14, an artificial line of one section whose constants 
are Z 0 and PL 

It is at once obvious that the artificial line and the uniform line 
are identical so far as measurements made at the two ends are 


AB 

A + 2B 
AB 

A 4- B 
B(A + B) 
A + 2R 
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§11 

concerned. The T section of Fig. 14 is accordingly termed the 
“ equivalent T ” section for the uniform line. The exact equivalence, 
however, holds only for calculation purposes; physically the exact 
equivalent cannot be constructed. 

At any one frequency Z 0 tanh VI/2 and Z 0 /sinh VI can be repre¬ 
sented by a resistance in series with a condenser or inductance, but 
the values of these change with frequency. 



Fig. 14.—Equivalent T for Fig. 15. 

Uniform Line. 


The equivalent T is extremely useful for simplifying calcula¬ 
tions; e.g. suppose a telephone line consisting of l miles of line 
and having constants Z 0 and P is followed by V miles of line having 
constants Z' 0 and V', terminated by an impedance z, it being re¬ 
quired to calculate the sending- and receiving-end impedances. 

Having replaced each length of line by its equivalent T, as in 
Fig. 15, we have only to calculate the input and output impedances 



Fro. 16.—Equivalent T for Fig. 17.—Equivalent n Fig. 18.—Equivalent 
n section Artificial Line. for Uniform Line. IT for n section 

Artificial Lino. 


of this simple three-mesh network. These can be written down 
without further appeal to telephonic transmission theory. 

Use will be made of the equivalent T in Chapter VI. in dealing 
with the loaded cable. 

In addition, we may use the equivalent T to simplify problems 
in artificial lines proper; for exanrple, the T section shown in 
Fig. 16 is equivalent to an artificial line of n sections of constants 
and 0 . 


14 
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Similarly there is the equivalent II for a length of uniform ^ ine 
and. the equivalent II for an artificial line of 'n sections; these* are 
shown in Figs. 17 and 18 respectively. 

§ 12 . Successive Approximations to Z 0 for T and 17 Section ldJ* eS \ 

It may happen, as will be seen later in Chapter IV., that & m 
required to construct networks whose impedance approximates to 
the Z 0 of an artificial line. If the line is dissipative it follows that, 
since tanh nO and coth nO approach unity as n tends to infinity, 
any degree of approximation can be obtained by using a sufficient 
number of sections, and by either short-circuiting the oixtpnt 
terminals or by open-circuiting them : the degree of approximation 
is readily found by evaluating coth nO or tanh 

There are, however, interesting series of intermediate approxi¬ 
mations. 

Consider an n section T line having an impedance £ across the 
output terminals. 3Let the value of this impedance be A, i.e. 
to the series members of the section. 

Now A — Z 0 tanh Of 2, 

and therefore in 5.8 

Z 0 tanh 7 = # = A = Z 0 tanh 0/2, 

7 = (9/2, 

and then from 6.3 

^ = Z 0 tanh (jl9 -f 7) 

= Z 0 tanh (jb + )<9. 

Again, consider the same n sections terminated by A + 2B. 

Now A 4- 2B = Z 0 coth <9/2 

= Z 0 tanh + j-'). 

Then in 5.8, 

Z 0 tanh 7 = 2: = A + 2B = Z 0 tanh 4- 
6 . 7 r 

y “ <2 ■ -t* 

and therefore from 6.3, in this case, 

z n — Z 0 tanh (riQ + 7) 

= Z 0 tanh (n8 + 

= Z 0 coth Qn -h 

15 
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§ IS 

Two series of successive approximations, viz., 

Z 0 tanh m#/2, 

Z 0 coth m6j% 

where m = 1, 2, 3, 4 . . . , can therefore be constructed for Z 0 . 

A A A A 



Z Q tanh ~ Z Q tanh 6 Z 0 tanh — 


A A A A A A A A 



Z n coth ZQ Z 0 coth 4 " 


Fig. 19.—The two series of approximations to Z 0 for a T Section Artificial Line. 

16 
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Figs. 19 and 20 show the first five members of each series for the 
T section and the II section line respectively. 





Fig. 20.—The two series of approximations to Z 0 for a n Section Fine. 


EXAMPLES. 


1. In a T section artificial line 


sinh ~ = 
2 



Find the corresponding result for a n section line. 


17 
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2. To show how the theory can be applied to a practical case, let us con¬ 
sider the T section shown in Fig. 21. 


R R 


— m]r 7 


We have seen that, for a T section, 

Z 0 = V(A 2 + 2AB) 
3. cosh Q = 1 4” A/B. 


and 

In this case 


A =s R 


jaiC 

- z --V( R,+ iS) 

cosh 0=14- jwG R. 

R == 1000 ohms, 

C — 1 microfarad, 

co = 2000 radians per second. 




2 X 10 3 

-t- j x 2 x 10 3 X 10 


= iowa-j) 

= 1190 224° 

cosh 0 = 14 - JcoCR 

= 1 4 - j X 2 x 10 3 x 10-° x 10 3 

= 14 - 

i.e. cosh (<x + jfi) = 14 - j2. 

a 4 " — cosh “ 1 (1 4 - j 2 ) 

, - 2^2 ±2 . . , 2 -v /2 ^ 2 

2 2 
= cosh -1 2*414 4” j cos -1 0-414 
= 1-53 4- j 114. 

... a = 1*53. 

/3 = 1*14. 

3. Show that the T sections of Fig. 22 (i) and (ii) have the same character¬ 
istic impedance if a, 6 and c are numerical quantities satisfying 

a <z 1 

, 1 — a 2 

6== ~25“ 

c = 1 /a. 


18 
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Similarly the n sections of Fig. 23 have the same characteristic impedance if 


a < 1 



Fig. 22. 


4. If V' r is the voltage across the shunt member of the rth section in the 
problem treated in § 5, then 

V ' = Vo sinh (n — r -f- ^ . 0 -f- y) 
r cosh 0/2 * sinh (nd + y) 

5. If, in the problem treated in § 5, the sections had been IT sections and 
if I' r is the current in the series member of the rth section, then 

, _ Vo cosh (n — r -f- i - & + y) 

r Z 0 cosh 0/2 * sinh (nd + y) 


cl A 



Fig. 23. 


6. If, in the problem treated in § 5, instead of applying a voltage V 0 
direct to the input terminals, a voltage V in series with an impedance q is 

applied, then _ 

_ v sinh (n — r . 6 + y) cosh t? 

r sinh (nd y + y) 

_ V cosh (n — r . 6 -j- y) cosh y 

an< * r Z 0 sinh (nd + y + v) 

Z Q tanh rj = q* 

19 
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CHAPTER II. 


GENERAL THEORY OF ARTIFICIAL LINES. 

§ 13. The Theory of Repeated Networks. 

IN’ the previous chapter the theory of the T and II section line has 
been dealt with in detail; in this chapter the more general artificial 
line,’as defined on page 1, .will be considered. However, to make 
the treatment as wide as possible a more general typo of repeated 
network, in which electrical symmetry is not essential, will first be 
considered, and then from it, by adding the condition for symmetry, 
will be deduced the general artificial line theory. 



Eig. 24. 


Any section of this repeated network may be represented by 
a box having two pairs of terminals, T/T, and T/ T/. The only 
condition it has to fulfil is that of passivity. 

A repeated network of three such sections terminated by an 
impedance z is shown in Fig. 24, where the pair of terminals r i\T 2 
is taken as input. 



Eig. 25. 

Owing to the lack of symmetry it will be necessary, in addition, 
to consider the case shown in Fig. 25, where T/ T/ are taken as 
input terminals. 

The problem considered in the first place may be stated as 
follows: Given a repeated network of n sections terminated by an 
impedance z , determine the sending-end and receiving-end imped- 

20 
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ances, taking either TjTg or T x ' T z ' as input. The values of the 
currents and voltages at the intermediate junctions need not be 
considered as it will be seen later that when the solution of the 
above problem is known their values can be found from it. 

It will be shown that the solution can be stated in terms of 
three constants, and that when the sections are symmetrical the 
number becomes reduced to two, as in the case of the T and 
II section artificial line. 

Consider the case of a single network of the more general type, 
as in Fig. 26, having connected to the terminals T X T 2 a generator 
of voltage E x through an impedance Q x , and to the terminals T 1 / T/ 
a generator of voltage E 2 through an impedance Q 2 . 

Assign to all the meshes of the network circulating currents 
x v x 2 , . . . cc m ; x Y to the mesh containing E x ; Xm to the mesh 
containing E 2 , while x 2 , x 3 . . . x m _ 1 are assigned to meshes inside 
the network. 



Fig. 26. 


The senes of mesh equations can now be written down ; they 
will be of the form 


«U> 1 

+ 

Ct 12^2 

4- . 

. . . Ct/^ m X.fn 

= E n 

o,. n x 1 

+ 

ct.j.jX.j 

+ . 

. . . CC 2 7 n&m 

= 0 






= 0 

(t rv y \ 

+ 

a t .,x.y 

+ . 

. . . ct rm x. m 

= 0 






= 0 



CL * 

+ . 

* (Q*2 “t* 

= E,J 


In these equations Q x and Q 2 will occur only once as shown, while 
all the cC s will be functions of the impedances inside the network, 
and will be independent of Q x and Q., ; a rr will be the sum of the 
impedances taken round the rth mesh of the network, while 
— a rs ~ — <&sr will be the mutual or common impedances of the 
rth and ath meshes. 

First put Q x = 0 , Q. 2 — jst, E x = E and E 2 = 0; the input and 
output currents when a voltage E is applied to T X T 2 and an 
impedance connected to T x ' T 2 ' (as in Fig. 27(a)) can then be 
determined. 


21 
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Solving the equations for x L and x. mi the required currents 

are 

D 2 A 


E f * 2 A 

\ Da n Da.,j 


DA 


;} 


E 


DA 

- 

uCLnwn 

DA 


+ A 




Da 


DA 


Da,; 

where A is the determinant 


iw_ 


+ A 


13.2 


13.3 


a ll’ 

a 12J .... 

. . . . 

a 2 i» 

a 2 2i .... 

a 2m 


a„ 1l2 , .... 

• • • • Mm in. ! 




V __ 






(*» 


Fig. 27. 


DA 


and -— denotes the determinant, obtained from A by deleting the 

0Ct r g 

row and column containing a r8 , multiplied by ( — l) r + * ; similarly 
D 2 A 

---- is ( — l) r + « + * + u times the determinant obtained by do- 

oa TB ^a tu v J 

leting from A the rows and columns containing a rH and <t tu . 

Now put E x = 0, E 3 = E, Q x — 0 and Q 2 = 0 and solve for x. tn . 
and x x . These give input and output currents when a voltage E 
is applied to T/ T./, and an impedance z is connected to T/Lb, as in 
Fig. 27 ( 6 ). 

Then 

D 2 A 


E-U- 


x n 


DA 

Da?, 


4 


DA 

Da in 


13.4 


■+■ A 


E 


DA 


Da„ 


^ DA 

^a„ 


+ A 


13.5 
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Thus the input and output currents, whichever end is used as 
sending-end, can he expressed in terms of the five constants 


1 

A 


D 2 A 


A 

and 


DA . 

^11 5 
1 
A 


1 

A * 
DA 


DA 

^ C^ran, 


1 

A 


DA 


These constants, however, are not independent, for since A 
symmetrical about the diagonal 


and further,* 
A 



DA 

DA 

Dct^i 

* 

* 

. 13.6 

c> 2 A 

DA 

DA 

DA 

DA 

. 13.7 

Dc&n ^C&m7n 

“ Da lx 

D<X W xvn 


D<x mi 


Thus in virtue of 13.6 and 13.7, whichever of the pairs v of terminals is 
used as input, both the sending-end and receiving-end impedances 
can be stated in terms of any three of the constants; the constants 
can themselves be calculated directly from the known structure of 
the network. 

Considering now the case of a number of networks, let the 
sending-end impedance of a network such as that shown in 
Fig. 24, with T X T 2 as input terminals and terminated by an 
impedance 0 , be z Y if there is one section, 0 2 if there are two 
sections and so on; let 0 /, z%, etc., be the corresponding quantities 
when T/ T/ are taken as input terminals. 

Then from 13.2 

DA 


*a n 


+ A 


D 2 A 


13.8 


Thus, as is well known, the input 
transforming the terminal impedance 
formation -f of the form 

az + 


DA 

Da-n 

impedance is obtained by 
0 by a homographic trans- 

.13.9 


~' 1 cz -f- d 

The sending-end impedance for two sections terminated by 0 is 
the sending-end impedance of a single section terminated by z lt 

♦Muir, “Treatise on Determinants 5 ’ (1882), p. 132. 

f The geometrical aspect of the Homographic Transformation is dealt 
with in detail in Chap. VIII. 
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and is thus obtained by applying to 0 two successive applications 
of the transformation * thus 

az , 4 - 6 

Z.y = -± 

CZ 2 4 - (Jj 

Turning now to the homographic transformation 

_ b 
Zl ~ cz + d’ 

there will, in general, be two different values of 0 which will 
be unaltered by the transformation ; these will be given by the 
equation 


az 

z — -- 

cz ■ 


13.11 


* - £ 


33.12 


or cz 2 - (a - d)z -6 = 0 . . . 13.10 

If g and f are the two roots of this equation 
£ = (a - d + M*)/(2 c)-| 

£ - (« - d - M*)/( 2 e)J ' ' ' 1311 

where M = (d - aCf + 4be. 

If |f and £ are distinct, then 

g] - £ _ (gf + 6) - g(c£ + cf ) 

- f («« + 6 ) - + d)' 

= (fLT Si. (g_T.. c i? = K . * - ? i o i o 
O -?)(«- o?) 0 - f ' 

where K = - ~ c £ = «■ + <f - M * 

a - eg a + d 4 * M*’ 

and is termed the multiplier of the substitution. 

The alternative form of the substitution given in 13.12 has 
the advantage that repeated application is easy. For z n the variable 
after n applications of the transformation is obviously given by 

~ ~ | = K» • ~~ . . . 13.13 

z n — g z — g 

which, if put in the usual form, becomes 

jm ± c k " - nf f. 1SU 

<1 - K») + (fK- - W ' • 13 ' 14 


where 


13.13 


13.14 


In this put 


K = 


-V(f) = 

3 -J C«r) = 


13.15 
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Then 

+ <*> + -<*>)+ Z(e n6 — e ~ n °) 

~ *(«»» - e ~ »«) + Z(e“ e - * + e - »« + *)' 

_ — 2 ? cosh (jbO + <£) -f- Z sinh -n,# 

~ 2 ; sinh nO + Z cosh — 0) * * " t> * x ° 

In this form the repeated transformation involves three constants, 
Z, 6, and <fi. 

Comparing the new transformation for the case of a single 
network with its original form given in 13.8, it is seen that 


Z 2 


— A -f- 


i> 2 A 


13.17 


while K, M, f and f and therefore 6 and <f> can be determined in 
terms of the impedances of which the network is constructed. 
So far T X T 2 have been taken as input terminals; let Z', O', 4>', be 
the corresponding constants when T/ T 2 ' is the input : it is readily 
shown that 

Z' = Z ; 0 ' = 6 : <f>' - - </>, 


so that, corresponding to 13.16, 

, _ y Z cosh (jiQ — <ft) + Z sinh nB 
0/1 ~ 2; sinh n0 4- Z cosh (nt? 4 - <£) 


13.18 


The actual expression of Z, 6, and in terms of A and its minors 
has not been given as there is an alternative way of expressing 
them which is usually more direct and simple. For let Z e and Z/ 
be the impedances of a single network measured at the terminals 
T X T 2 with T/ T./ closed and open-circuited respectively, and let 
Z c ' and Z J be the corresponding quantities measured at T/ T 2 '. 

Putting 0 = 0 or oo and n — 1 in 13.16 and 13.18, 


sinh 

6 


cosh (6 

- 

& 

cosh ( 6 

4 

jp) 

sinh 



sinh 



cosh (0 

4 - 


cosh ( 0 

- 

<f>) 

sinh 

e 



13.19 


25 



ARTIFICIAL LINES AND FILTERS 


18.20 


§ IB 

From these it follows that 

Z 2 = z c Z/ - z^ 

Z sinh «p — •&(%/ — Z/) 

Z coth e cosh <P = i(Zjr + Z/)J 
As regards sending-end impedances the problem is now completely 
solved in terms of Z c , Z/, Z/ and Z/ or any three of them. 

The question of the receiving-end impedances now requires to 
be treated. With T 2 T 2 as input, let y 2 , etc., be the receiv¬ 

ing-end impedance of one, two, three, etc., sections terminated by 
z, and let yy 2 ', y%, etc., be the corresponding quantities with 
T/Tg' as input. 

Then 

y — l Z - -f- A ) “=“ 

\ c) Mm-m - ' 


'da-. 


18.21 


*"nim ' 

_ 0 cosh (0 -+- <£) + Z sinli 0 
cosh 

Consider now y. 2 , the receiving-end impedance of two sections ter¬ 
minated by z; the voltage across the input of the second network 
will be the terminal voltage of a single network terminated by z v 
and will therefore be 

z x cosh (0 -+- d>) + Z sinh 6 

1 - col* 

From this, applying 13.21 again, the current through 0 will be 
E z x cosh <f> cosh <p 

z x cosh 0 *+■ <£) 4- Z sinh 0 ' £ cosh (0 + </>) + Z sinh O' 

On substituting for z x in terms of z this reduces to 

E cosh <p 


^whence 



2/2 “ 

Similarly 



Vn = 

and 



= 


z cosh (2 0 -+- <£) + Z sinh 20’ 


^ cosh (20 <£) + Z sinh 2 6 

cosh <fi 

__ 2 ; cosh ( [n0 -h <£)-{- Z sinh nO 
cosh 


13.22 


13.23 


13.24 


# cosh (riO — <p') + Z sinh 71,0 
cosh <f> 

These last two formulae, together with 13.16 and 13.18, give a 
complete solution of the problem originally set. 

26 




GENERAL THEORY OF ARTIFICIAL LINES § 14 


§ 14. The General Artificial Line. 

To obtain the general artificial fine theory it is necessary to add 
the symmetry condition. Thus Z/ must be put equal to Z/ when 
also Z c will equal Z/ and then from equation 13.20 

= 0 

Putting </> = 0 in 13.16, 13.18, 13.23 and 13.24 reduces them 
to the same form as the corresponding equations 6.3 and 6.6 ob¬ 
tained in Chapter I. for the T and II sections, Z becoming Z 0 , the 
Characteristic Impedance, 0 the Propagation Constant. 

Corresponding to § 7 of Chapter I. it will be seen that the 
sending-end impedance of an artificial line section short-circuited 
at the output is Z 0 tanh 0> while if open-circuited at the output it 
is Z 0 coth 6. 

From these two results it is possible to determine the constants. 

The current and voltages at the junctions of the sections of the 
general artificial line will now be determined; it will be shown 
that they also are given by equations of exactly the same form as 
those derived for the T and II section lines. 

Take a general artificial line of n sections terminated by an 
impedance 2 ?, and as in Chapter I., let V 0 be the voltage applied 
at the input and I 0 the input current. Let V 19 V 2 , . . . V„ and 
I 1? I 2 , . . . T n be the voltages and currents respectively at the out¬ 
put terminals of the first, second, third, etc., sections. 

From Chapter I., 6.4, or from 13.23 after putting cp = 0, we have 

V 

T = _10_ 141 

n Z 0 sinh mO 4- z cosh nO 

Now V r , the voltage at the output terminals of the rth section, 
is also the input voltage to the (V 4 - l)th section. Hence V. r is that 
voltage which when applied to an artificial line of (n - '/*) sections 
terminated by gives rise to a current through 0 equal to 1 )L . 
Thus I 7l is also equal to 

_ V ' _ ,42 

Z 0 sinh ([n — r)Q 4 - z cosh (ji. — r)6 
Equating the two values of I n 

v — V Z () sinh (ri. - 4 - ^ cosh (<n. - r)<9 

0 Z 0 sinh mO 4 * 0 cosh nO 

_ v . sinh O - r - 0 ± 7) , . o 

0 sinh Qn0 4 - y) 

where Z 0 tanh y = z. 

27 
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This is o£ the same form as the voltage equation obtained in 
Chapter I., § 5, eqn. 17. 

Similarly _ 

T _ v o cosh Q - r . 9 4- y ) 

lr ~ Z 0 * sinh (n0 + y) * * 


is of the same form as the current equation 5.13. 

Thus equations 14.3, 14.4 together with 13.16, 13.18 give a 
complete solution of the problem of the general! artificial line ; they 
are exactly of the same form as those for the T and IT sections, and 
those for the uniform transmission line. 

There is, however, an ambiguity in determining 9 from tanh 6 
and coth 6 , since tanh 9 = tanh (9 + ^V). This means in prac¬ 
tice an uncertainty of 180° in phase at the output terminals. The 
value of 9 must be chosen so that the receiving-end impedance of a 
single section short-circuited at the output is Z 0 sinh 6 and not 
— Z 0 sinh 0. 

It is now possible to construct and discuss artificial lines of an 
unlimited number of types and of any degree of complexity. The 
algebra is, however, except for the simpler types, very heavy. 


§ 15. The Bisection Property of a Class of Artificial Line Section. 

Consider the T section shown in Fig. 28 (a) ; it may be redrawn 
as in Fig. 28 (5) as consisting of two equal asymmetrical networks, 
such as in Fig. 28 (c), connected back to back. 

It will be observed that the impedance of this half-section 
measured at the terminals T X T 2 is A, i.e. Z 0 tanh 9/2 if T/ r LY arc 



Fig. 28 . 


short-circuited, while it is A + 2B, i.e. Z 0 coth 9/2, if T/ T 2 ' arc 
open-circuited. 

It will now be shown that this is a special case of a general 
theorem which, where it can be applied, saves a great deal of labour 
in calculation. 

The theorem may be stated thus : If an artificial line section 

28 
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has within it n terminals T/, T 2 ' . . . T n ', such that if these ter¬ 
minals are open, the artificial line section is cut.into two exactly 
similar halves ; the impedance of one half measured at the terminals 
T^ with T/, T 2 ' . . . r JY free is Z 0 coth 0 / 2 , and with T/, T a ' . . . T n ' 
all connected together is Z 0 tanh 0/2. 



Fia. 29. 


Thus, if Fig. 29 represents the artificial line section (taking 
n — 4), then Z 0 coth 0/2 is the impedance of Fig. 30 (a) and 
Z 0 tanh 0/2 of Fig. 30 ( 6 ). 

The proof, though simple, is rather long. To simplify matters, 
suppose, as above, that n = 4 , and let the artificial line section be 
as shown diagraromatically in Fig. 31. 



Tig. 30. 


Let cc L1 be the sum of the impedances round the terminal meshes ; 
let a 22 , a and a 44 be the sums of impedances round meshes inside 
each half-section; 2a a5t 2a C6 , and 2a 77 be the same for the meshes 
common to the two half-sections. In addition, there will be the 
mutual impedances a 12 , etc., between the meshes ct n and a 22 , etc., in 
each half. 



Fig. 31. 


Then the characteristic impedance will be given by 

Z 2 = A/™—--, 


where A is the axi-symmetric determinant. 
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<244, 

<*433 

<X 42 3 

< 2 4 l 

o, 

o, 

0, 

0, 

<2353 

<*363 

<237, 

<234, 

<233, 

<2323 

<*31 

o. 

o. 

0 , 

0, 

<2253 

<2263 

66 27 , 

a 243 

<2-233 

<* 22 > 

<*21 

0, 

o, 

0, 

0 , 

<2i53 

<*163 

6617, 

< 2 i 4 3 

<2i33 

< 2 12 , 

<*11 


in which a r8 = a sr 


This determinant, which is partially centro-symmetric, can be 
simplified in the following way: To the first row add the last row, 
to the second row add the last but one row, and similarly for the 
third and fourth rows. Next, in the resulting determinant: from 
the last column subtract the first column, from the last but one 
column subtract the second column, and treat similarly the last but 
two and last but three columns. It is then found that the deter¬ 
minant breaks up into the product of two other determinants, giving 


where A' = 

<* 11 :> <*123 

<*213 <*22» 

<*31? <*323 

<*413 <*423 

a 51 ’ <*523 

<*613 66 <32> 

<*71, 

and A" — 


A - 2 3 A'A", 


<•<-133 

<<'143 

<*153 

<*163 

<*17 

<*23 3 

<*24> 

<*253 

<*263 

<*27 

<*333 

<<-343 

<*353 

<*363 

<*37 

<*43 3 

<*443 

<*453 

<*463 

<*47 

<*53, 

<254, 

<*553 

<*563 

<*57 

<*63> 

<204, 

<*653 

<*663 

<*67 

6673, 

<274, 

<*753 

<*763 

6677 


Similarly, 


<*113 

<*123 

<*133 

<*14 

<*213 

<*223' 

<*233 

<*24 

<*313 

<*323 

<*333 

<*34 

<*413 

<* 42 , 

<*433 

<*44 

Z> 2 A 



3A' 

66 n c)C6 

11 

3a u 

* 


SO 
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so that 

Z! _Al.Al 
0 ~~ 3A' 5a 71 • 

But A 'j^~~ seen to be the impedance of the first half of the 

network of Fig. 29 with all the terminals T x T 2 ' T s ' T/ connected 
together and thus is the impedance measured at T x T 2 of Fig. 306, 

while A " I the incipedance of the same network with 

T/ T 2 ' T s ' T/ all free and is therefore the impedance at T x T 2 of 
Fig. 30 a. 

Since their product is equal to Z 0 2 , 

A' 

may be written as 

Z 0 tanh -x/r/2 and Z 0 coth a^/ 2 . 

By using the identity 

Z 0 sinh \}r — 2 j ^ 1 /Z 0 tanh ^ — 1/Z 0 coth 


/ gA^ 

/ 


and A" 


/ gAT 


and inserting values in the right-hand side, Z 0 sinh a/t can be found ; 
if this is done, it will be found after reduction to be equal to A 
divided by the determinant obtained by omitting from A the first 
row and last column. But this is the receiving-end impedance of 
the original artificial line section short-circuited at the receiving-end, 
and is equal to Z 0 sinh 0 ; hence 

a/c = 6>, 


and the theorem is proved for this case. 

The method, however, is quite general, and therefore the general 
theorem holds. 

This result often offers an easy and rapid way of determining 
the constants of an artificial line. 

Take the case of the three-element section of Fig.. 32. 

Its characteristic impedance could be worked out according to 
the method of § 14, but by using the above method we see that 
Z 0 tanh 0j 2 is the impedance of the network of Fig. 33, short- 
circuited at T/T/, 


i.e. 


Zq tanh 


A ~h 


BC 

2 B + O’ 
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§16 

The impedance of this network with T x ' T 2 ' free is 
Z 0 coth (9/2 — A 4-33. 

Hence 

Z„> - (A + B)(a + 2 ^_ c ). 

Many other applications of this theorem will he found in later 
sections. 



Fig. 32. Fig. 33. 


§ 16, The Two-Element Bridge Section. 

The T and n sections are both two-element sections since their 
structure necessitates two separate impedance elements, A and B. 
Another two-element section of equal and in some ways greater 
importance is shown in Fig. 34. 

Applying the general rules, 

Z 0 tanh 6 - Z c - 2 |/A 

3AB . 16.1 



and Z a coth 6 — 


A + B 
A + B 


Z 0 2 = AB 


16.2 

16.3 


By eliminating B between 16.1 and 16.2 A can be expressed in 
terms of Z 0 and 9. 


Thus 


Hence 


B = 2Z 0 coth 9 — A. 

• P 2A(2Z 0 coth 6 - A) 

• Z ° tanh 6 = -2Z7coth^- ’ 

2 A 2 - 4AZ 0 coth 6 -f- 2Z 0 2 = 0. 

A = Z 0 (coth 9 ± v /(coth 2 9 - 1)) 

= Z 0 coth <9/2 or Z 0 tanh 9j 2. 

B = Z 0 tanh 9/2 or Z 0 coth (9/2. 
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The ambiguity may be removed by the method given in § 14. 

First try A = Z 0 coth 0/2 

B — Z 0 tanh 0/2. 

Then Z 0 sinh 0 = 2 - - ---j- 

Z 0 tanh 0/2 Z 0 coth 0/2 

— 2 _ 1 — 

1/B - 1/A 

2 AB 
A — B' 


But if we work ouk the value of Z 0 sinh 0, which is the receiving- 
end impedance with the output terminals short-circuited, from first 
principles it is found to be 2AB/(B — A) which is of the opposite 
sign. 

Hence we must have 


A — Z 0 tanh 0/2 ) 
B = Z 0 coth 0/2 J 


16.4 


The formulae for the bridge section are thus simpler than those 
for the T and n, and there is a skew symmetry that is entirely 
lacking in the T and n section. This simplicity is accompanied by 
a greater flexibility, for it will now be shown that, corresponding 
to every T and II section, an exactly equivalent bridge section can 
always be constructed; the converse, that a T or II section can be 
constructed exactly equivalent to any bridge section does not 
usually hold. 

For, consider a T section whose constants are Z 0 ' and 0', and 
whose elements are A' and B' (the dashes being introduced to 
avoid confusion). 

Then since Z 0 ' tanh 0'/2 = A' 

Z 0 ' coth 0'/2 = A' 4 - 2B' 


we can construct a bridge section having A' and A' + 2B' as 
impedance elements in the arms, as shown in Fig. 35(6). 

Comparing this with Fig. 3 5(a) it is at once seen that this 
section has a characteristic impedance Z 0 ' and propagation constant 
0\ and is therefore exactly equivalent to the original T section. 

Similarly, there is always a bridge exactly equivalent to a II 
section, as is shown in Fig. 36. 
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These results can he put in a general form, for in the case of 
any artificial line section to which the bisection theorem may he 
applied Z 0 coth 0/2 and Z 0 tanh 6/2 can both be physically realised 
and therefore the bridge section shown in Fig. 37 is equivalent to 
the section of Fig. 38. 



Fig. 35. 


The equivalent bridges for the T and IT sections shown in Figs. 
35 and 36 are simple cases of this result. 

Consider now the converse, viz.: Given a bridge section of 
constants Z 0 and 6 and arms A and B, so that A = Z 0 tanh 0/2 , 




B = Z 0 coth 6/2, it is required to construct a T section exactly 
equivalent. 

To construct the T we require for the series member the im¬ 
pedance Z 0 tanh 9/2 . Since A = Z 0 tanh 6/2 we can make A the 
series member straightway. However, for'the shunt impedance we 
have to obtain Z 0 / sinh 6 . 
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Now Z 0 / sinh 6 — -J(Z 0 coth 0/2 — Z 0 tahh 0/2) 

= B/2 - A/ 2 , 

and in general this impedance cannot be physically constructed 
without the use of negative impedances. 



Fig. 37. 


§ 17. The Equivalent Bridge Section for a Uniform and an Artificial 
Line. 

Just as in Chapter I., § 11 , the T and II sections are equivalent 
to a length l of uniform line, so the bridge section of Fig. 39 is also 
equivalent to a length l of uniform line. 

The bridge section of Fig. 40 is in the same way equivalent to 
n sections of an artificial line of constants Z 0 and 0. 



Fig. 39. Fig. 40. 

§ 18. Some Simple Three-Element Artificial Lines. 

Consider the bridge network of Fig. 41 with the condition that 
it must be symmetrical. 
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It will be symmetrical (<£ — 0) if Z/ == Z/, i.e. if 

(A + D)(B + C) _ (A + B)(C + D) 

A + B + C + D A + B + O + D 
i.e. (A - C)(B - D) = 0. 

Thus if either of the pairs of opposite arms are equal the net¬ 
work is symmetrical and becomes an artificial line section. Putting 
C = A, as in Fig. 42, a simple three-element artificial line section 
is obtained —The Three-Element Bridge Section. 




Its characteristic impedance and propagation constant are 
determined by 


Z n tanh 0 = Z c 


Za' = 


Z 0 coth 6 = Zf = Z/ = 


A(AB + 2BD + AD) 1 
(A + B)(A + D) I 
(A + B)(A + D) j 


Z 0 2 = A . 


jT f “ 2A + B + D 
AB + AD + 2BD 


18.1 


2A + B + D 


This artificial line section is of interest as it contains the ordinary 
H, T and bridge section two-element artificial line sections as special 
cases; thus if B = D it becomes the ordinary bridge section, if 
D = 0 a II section and if D = oo a T section. 

Another form of three-element artificial line is that shown in 
Fig. 43 —The Bridge T Section. 

By the method of § 13 the characteristic impedance and propaga¬ 
tion constant are given by 
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Z.t.nh* - z, , A , Vbffii: B ) 

Zo coth * - Z, _ 


^ „ AD(A + 2B) 
0 ~ 2A + D 


18.2 


This three-element artificial line obviously contains the T and 
II sections as special cases. 

The expression for Z 0 takes a simple form if 4B = D, 

when Z 0 =\/AD/2 = 2AB . . . 18.3 

and as in the case of the bridge section is the geometric mean of 
two entirely independent impedances. 


o V/z 



Fig. 43. Fig. 44. 


More generally, Z 0 is of the form ^/asAl), where x is a positive 
numerical quantity, if 

A + 2B - r/*(2A + D), 
i.e. 2B = A(2.r - 1) + xD. 

Obviously any value of x will give a solution that is physically 
possible; the case above (D = 4B) occurs when x = 

The three-element section of Fig. 43 affords a good example of 
the use of the bisection property, for it may be regarded as com¬ 
posed of two half-sections, as in Fig. 44. 

By inspection we see at once that, if T-/ r iY T s ' are short-circuited, 

Z Q tanh ^/2 = - = oa + I) 

A + D/2 
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and if T/ T 2 / T s ' are all free 

Z 0 coth d/2 = A + 2B, 

i mi - - AD(A + 2B) 

whence Z 0 2 = — 2 A + D ‘ 

The economy of labour is obvious. 

Some interesting and important applications of this artificial line 
will be made in Chapters III., V. and VII. 

Other three-element sections that might be discussed are shown 
in Figs. 45 and 46. They are, however, simple cases of a general 
type of section which will be treated in the next chapter. 



Tig. 45. Fig. 46. 


EXAMPLES AND NOTES. 

1. If with three particular values z', z" 9 z'" of z 9 the terminal impedance, 
the corresponding values of z l9 the sending-end impedance of a network, are 
z X9 z x " and z x " respectively, then the homographic transformation relating z 
and z x is 

(*i - z x '){z x " - z x "') (z - z')(z" - z'") 

(z x - z x ")(z x ' - z/") (z - «")(*' - z"') * 

If this is reduced to the form 

_ az + b 

cz -f- ~d 

we have 

a = (z' — z")z x 'z x " 

-f- (z" — z'")z x "z x '" 

+ («"' — z f )z x '"z x ' 
b = z'z"z x "'(z x ' — z x ") 

4- z"z"'z x '{z x " — z x '") 

+ z"'z'z x "(z x "' — z x ') 
c = z\z x " — z x "') 

4- z"(z x "' - z x ') 

4 - Z"\z x ' - z x ") 
d — z'z"(z x — z x ") 

4- z"z"'{z x " — z x '") 

4- z"'z'(z x "' — z/) m 
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Comparing this transformation with, that of equation 13.16 in which n is 
put equal to unity, 

a — kZ cosh (9 -f- <f>) 9 
b =s kZ 3 sinh 0, 
c = k sinh 9, 
d — kZ cosh (9 — <}>), 

where k is some constant. 

A3 3 -A 



A = Z sinh <f>. 

B — Z cosh tanh nOJ2. 
C — Z cosh <£/sinh n9. 
Fig. 47. 


From these equations Z, 9 and <f> can be expressed in terms of z' , z", zf" 9 

- 

The constants of a network can therefore be determined from three 
sending-end impedance measurements made at one end with three known 
terminating impedances at the other end. 

2. The asymmetrical T network shown above in Fig. 47 is equivalent to a 
repeated network of n sections of the type discussed at the beginning of the 
chapter, and therefore the n sections 
of the original network are equi¬ 
valent to 7h sections of an artificial 
line of which the characteristic im¬ 
pedance is Z cosh <f> and the propaga¬ 
tion constant 0, preceded by a series 
impedance Z sinh <j >, and followed by 
a series impedance — Z sinh <f>. 

3. The asymmetrical n network 
shown in Fig. 48 is also equivalent 
to n sections of the repeated net¬ 
work, and therefore the n sections 
of the original network are also 
equivalent to n sections of an arti¬ 
ficial line of characteristic impedance 
Z/cosh <f> and propagation constant 
— Z/sinh </>, and followed by a shunt impedance Z/sinh <j>. 

The network of Fig. 48 can be derived from Fig. 47 by means of the Star- 
Delta transformation. 

4. Prove that in the asymmetrical network shown in Fig. 49 

= 912 . 


1 


C' 


-A‘ 


3 ' 


B'\ 


i 


x 


A' 


L_J L_J 


A' = Z/sinh <£. 

n 9 


B' = Z coth 


2 I cosh <f>. 
O' — Z sinh ?! 0/cosh 4>. 
Fig. 48. 


9, preceded by a shunt impedance 
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5 . If a network is constructed of n x artificial line sections having a char¬ 
acteristic impedance Z 0 and propagation constant B t , followed by n 2 sections 
of a different artificial line having the same Z 0 but a propagation constant 0 2 , 
then the network is symmetrical and may be regarded as a single artificial 

line section of characteristic impedance Z 0 and 
D propagation constant 

- 1 I j %T> + w 2 0 2 . 

1 6 . Properties of Repeated Networks. 

^ (a) The input impedance of the general 

L T J repeated network of n sections with T 2 T 2 as 

- - 1 -. 7 r* input will be independent of 2 if 

Fig. 49. ^ + 4> = 3M2 + r7r )> 

where r is any integer. 

(&) The voltage across z will be independent of the value of z if 

nd — jrir, 

where r is any integer. 

(c) The current through z will be zero if 

1 - 7r 

7. For a given type of artificial line section composed entirely of resistances, 
show that, if for a given frequency y u y 2 , y z > etc., are the receiving-end im¬ 
pedances of 1 , 2 , 3 , etc., sections terminated by x' -f- jy' 9 then y X9 y.,, y z , etc., 
lie on the hyperbola 


&r-M‘ 


xj/y ^ 1# 


8 . If, in § 13, 4 
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LADDER NETWORKS AND GENERALISATIONS OF THE 
T AND n SECTION ARTIFICIAL LINES. 

§ 19. Continued Fractions. 

The T and IT artificial lines dealt with in Chapter I. were derived 
from a simple ladder network having all the series and all the 
shunt elements equal; in this chapter the theory of a general ladder 
network, in which all the elements may have arbitrary values, will 
first be considered, and then from it will be derived a class of 
symmetrical ladder artificial lines, of which the T and U section 
lines are but simple cases. As a preliminary it will be necessary to 
enter, in some detail, into the theory of continued fractions and the 
allied functions known as simple continuants. 

The type of continued fraction that has to be considered is of 
the form : 

1 


+J-_ 

+ 


or in a more compact form with dropped - 4 -\s : 

111 

CL 1 Hb - - — 

A a 2 -b ci. 6 -b a 4 -b . . . 

having all numerators unity. The brief treatment given below 
will be based on Chrystal’s “ Text-Book of Algebra,” Chapter 
XXXIV., and Muir’s “ Theory of Determinants,” 1882 (Macmillan), 
Chapter III., which may be consulted, together with Muir’s larger 
work on determinants for a more extended treatment. 

The fraction obtained from the above continued fraction by re¬ 
taining only the first n of the a’s is called the ^th convergent, and 
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If the continued fraction terminates after n a/s, then, of course, 
the nth convergent is the value of the continued fraction itself ; if, 
however, the continued fraction is infinite the successive conver- 
gents will, in general, (provided that the a’s have their real parts 
positive and not zero) be successive approximations to the continued 
fraction. 

Successive p’a and q’a are related by simple recursion formulae, 
for consider the two tables of p *s and q’s : 


Pi = 

p 2 = a ± a 2 + 1. 

Ps = 4* 4" Ctj. 

p± = a 1 a 2 a. d a 4; 4- a x a 2 4- a x <x 4 4* a 3 c& 4 4* 1. 

<li “ 1 - 

q 2 = a 2 . 

q & ~ ^2^3 *+* i* 

2 4 = a 2 a z u± + a 2 4- <x 4 . 
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It is at once seen that 

Ps = &&>* + Pi* 

P 4 = ^ 4 P 3 + P 2 * 

#3 = ^3^2 + 01- 

g 4 - o, 4 g 3 4- g 2 . 

This suggests that in general 

Pn = a n pn _ 1 +jp w _2. 

~ — l *4* — 2- 

To prove this assume that these relations are true for the 
pn — l)th convergent so that 


Pn — 1 C&n _ 1 Pn — 2 4 ~ Pn — s 

p[ix — i CL n — i Qn — 2 4” qn — 3 


Now consider the wfch convergent: 
1 

a, x + - y 

a 4. -_ 


<X 3 ■+■ 


a, -f- 


CLrt — 2 + 


Ctn - 


1 

+-• 

a n 


It is clear that the ^th convergent is obtained from the 
'pri — l)th by replacing 

«■» _ i by a n _ x + * . 

(1,1 

Hence, making this substitution, 

(cin — i 4- ~\pn. — *2 + Pn - a 
Pn _ \_ (n n / _ 

^ n (ct n _ ! + Pin — -2 4- q n _ s 

\ (lyji/ 

_ (^• n( P"n — l Pn — 2 4~ pn — a 3 4~ Pn — 2 

~ Ctjci n _ i q }l __ 2 + g» - a) 4- _ 2 

_ &nPn — l 4~ Pn — 2 

q n — l 4“ qn — 2 


Hence if the assumption is true for the (pn — l)th convergent 
it is true for the nth. convergent. But the relations hold for the 
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third and fourth; therefore by the above they hold for the fifth, 
and so on for all higher values. 

By the use of these rules the numerators and denominators of 
successive convergents may be built up to any extent. 

§ 20. Continuants. 

The theory of continued fractions is greatly simplified by means 
of certain functions called Continuants, originally due to Euler. 

It will be seen that, apart from its specific relation to the con¬ 
tinued fraction, p n is a rational integral function of the n quantities 
a lf a 2 , . . . a n determined by a set of equations 

P 2 “ UlPl + 

Pz - a*P-2 + Pi . 

P 4i “ a iP* + P*> 

etc., etc., 

together with 

Pi = a l9 

Po = 0 . 

The function, p n , of a lf a 2 , . . . a n , defined in this way, is termed 
a Simple Continuant of the nth order of <x l5 a 2 , . . . a. tu and is 
denoted by 

a 2 , . . . af). 

Thus simple continuants are defined by the set of relations 

K(0) = 1 
K(ai) = a 1 

K( a,i, af) = a 2 K( af) + lv(0) 

K(<x 1 , a 2 , ctf) = afK-(ai, af) 4- 
K(a x , a 2 , <x 3 , af) = a 4 K(a 1} a 2 , af) + K(a A , af) 

K(ai, a 2 , . . . ct/i) — <i 2 , . . . a n __ cc 2 . . . a n — f), 

a definition complete in itself from which all reference to con¬ 
tinued fractions has been removed. 

It is important to distinguish between the value of the zero 
order continuant, K(0), i.e. unity, and the value of the first order 
continuant K(a 1 ) when = 0, which is zero. The latter must 
be written 

K(<x 2 ) = 0. 

a ± = 0 

Now consider the g’s; q 2 is the same function of a 2 as p x is of a y ; 
q z is the same function of a 2 , a s as p 2 is of a v a 2 . In general, 
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q n is the same function of a a , a 3 , . . . a n as p n __ 2 is of a lf a 2 , 
. . . co n ~ i. Hence the g’s are also continuants and 

— K(e& 2 , < 2 - 3 , . . . a n ). 

In particular, 

q 2 ~ H(<x 2 ) = ^2? 

<7i - K(0) - 1. 


Hence the successive convergents to the continued fraction are 

n -Pi _ K C^i) 

1 g, - K(0) 

„ . L _ 2? ~ g(«i> ga) 

1 + a 2 g 2 K(a 3 ) 


^ j ^ ^ __ __ gCg^ (X 2? . . . CC„,) 

co 2 -f- (o s -+• . . . con q n H(<z 2 , a s , . . . cc n ) 

Expansion of Simple Continuants (Hinclenhwvg 1 s Rule'). 

The expansion of a continuant of fairly high order by means of 
the fundamental definitions may be a long process. The work 
may, however, be simplified by using the following schematic 
arrangement due to Hindenburg (1741-1808). Suppose it is re¬ 
quired to develop the series of simple continuants Kfcq), K(a l5 a 2 ), 
etc., then construct a table as in Fig. 50. 

Begin by writing down a x and enclosing it in a rectangle 1 , 1 . 
This gives K(cq) = a t . 

Secondly, write a 2 to the right of a lt and write 1 below a 2 ; 
enclose in a rectangle 2 , 2 . Then the rows in 2, 2 give K(a lf a 2 ), 
i.e. a x a 2 + 1 . 

Next write a 3 at the ends of all the rows in 2, 2 and repeat 
under the rectangle, 2 , 2 all the rows in 1 , 1 , and finally put unity 
in the blank space of the column of a 3 ’s. Enclose in the rectangle 
3, 3. Then the rows of 3 , 3 give K(a 1? a 2 , a 3 ). 

To obtain higher order continuants the scheme is continued in 
a similar manner which will be obvious from the figure. 

This scheme leads to a simple rule, due to Euler, for writing 
down the expansion of a continuant of the 7?th order. 

Write down a 1 a 2 a 3 . . . a n . This is the first term. To find 
the remaining terms omit from this product in all possible ways 
one or more pairs of consecutive a’s, always replacing each con¬ 
secutive pair of a’s omitted by unity. 

For example, to expand K(ciq, <x 2 ) write down the first term a x a 2 ; 
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from this the only way that consecutive pairs can be omitted is to 
omit a x a 2 ; replacing it by unity gives K.(a x , a. 2 ) «* ct x a 2 + 1. 

Again, to expand K (a x , a 2 , a- 3 ) write down the first term a x a 2 a 3 ; 
the consecutive pairs cu x a 2 and a 2 a 3 can be omitted, giving the terms 
a 3 and a x . It is impossible to omit two pairs of <x’s, so the process 
stops and therefore K(a x , a 2f <x 3 ) = a x a 2 a 3 + a x + a 3 . 

In expanding a continuant of the ?&th order by Euler’s Rule the 
first term stands alone; the number of terms obtained by the 
process of omitting one pair of a’a is m — 1 and generally the total 
number of terms obtained by omitting nr pairs of c&’s is given by 
1 2 3 4 5 6 


a x 

ct 2 

0*3 


0*5 

O* 6 

1 


a 3 

a 4 

0*5 

0*5 

a x 


1 


Of 5 

0*5 

a x 

0*2 


1 

0*5 

0*5 

1 



1 

0*5 

0*5 

a x 

o* 2 

CL S 


1 

0*5 

1 


ct 3 


1 

0*5 

a x 


1 


1 

0*5 

a x 

a 2 

0*3 

0*4 


1 

1 


0*3 

O' 4 


1 

a x 


1 

O* 4 


1 

o*i 

0*2 


1 


I 

1 


1 


1 


Fia. 50. 


(n — r)(n — r — 1) . . . (m - 2 r + 1) 
v I 

Thus the total number of terms in a continuant of the ?ith 
order is 


1 + (7 * _ 1) + -2T 

which can be proved equal to 


(n - 2)(fo - 3) Qn - 3)Q - 4)(> - 5) 


3 ! 


4 - 


(i z (i 

2 n + 1 A j'5 

Jhese results furnish useful checks on expansions. 
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§ 21. Simple Continuants expressed as Determinants* 

It was discovered by Sylvester that simple continuants can be 
expressed as a remarkable form of skew determinant: 


K(Oi, cc 2 j * * * 


a i 
- 1 
0 
0 
0 


1 

a 2 

- 1 
0 
0 


0 

1 

<J&3 
- 1 
o 


0 

0 

1 

a 4 
- 1 


1 

a 5 


The determinant form does not actually occur in these pages, 
but it is of importance, for it is from this point of view that the 
theory has been chiefly developed. A good account of continuants 
from this point of view is given in Muir’s “ Theory of Determinants,” 
Macmillan, 1882. 

§ 22. Properties of Continuants. 

Use will be made of the following theorems:— 

22.1 K(a 1 , cl,, . . a n ) = K(a n , _ l5 . . a. 2 , 

22.2 K(a l5 . . ., a») = a x K(a 2 , . . a„) 4- K(a 3 , . . a fl ). 

22 t 3 * * •> ■ * * 5 CLp)'K.(CLp i, . . CL?i) 

+ K (a u . . a p _ OK(aj, + 2 , . . *, a»). 

22.4 K(a 1? . . ., a»)K(a 2l . . a n _ 2 ) 

“ K(a ls . . a n -i)K(a 2 , . . a n ) + ( - l) n . 

22.5 K(0, a. 2 , a 3 , . . a n ) = K (a B , . . a»). 

22.6 K( . . a, b, c, 0, e, /, g, . . .) 

= K( . . a, b,c + e, / gr, . . .). 

22.7 K( . . a , 6, 0, 0, e,/,...)= K( . . a, 5, e, /, . . .). 

22.8 K( . . a, 6, c, 0, 0, 0, e, /, g, . . .) 

= K( . . a, 5, c + e,/, . . .). 

22.9 ~ a. 2 2’, c6 3 cc “ \ a 4 :r, . . ., a n a^~ 1 ) 71 ') 

= K(<x 1? a 2 , a 3 , . . a n ) if vi is even, 

= K(a 1? a 2 , a 3 , . . a n ) x as ~ 1 if n is odd. 
^2.10 K(a 1? ct 2 , . . — i, cc n , ct ri _ i, . . 

= K(0£< 1 , <X 2 , • * *3 ^2? * * •> — 0 

4- K(a ls a 2 , . . a n )}. 
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22.11 K(a l3 a 2 , . . a n _ x , a n , a n _ 1? . . <x 2 , a^) 

= 2K(a 1? a 2 , . . a n _ l )K(a 1> a 2 , . . a n _ ly a n /2). 

22.12 <X 2 , . . ., _ i, Ct n3 — lj * • -j ^i) 

= K(a x , a a , . . a n ) 2 - K(a 1? a 2 , . . a n _ 2 ) 2 . 

§ 23. Theory of the Ladder Network. 

The distribution of current and voltage throughout a ladder 
network can be put into a very simple and compact form by means 
of continuant notation. 

Let Fig. 51 represent a ladder network constructed of n 
impedances x lf x 2 , x z , . . . x n , and in order to simplify the results 
let the impedances of the elements x l3 x 3l x 5 , etc., be a l3 a 3 , a 5 , etc., 

1 1 

and the impedances of the shunt elements x 2 , x ti , etc., be , - , etc. 

CJCrj, CO4. 

The impedance of this network at T 1 T 2 (i.e. the sending-end 



Fig. 51. 


impedance) can be written down by the ordinary rules for combin¬ 
ing series and shunt impedances and will be the continued fraction 


1 1 " 1 
4- - 


X„ 1 

“ + 1 .-] 

&7> + ' 


+ 


i.e. 


1,2 T -T 

(Xj -f---- 

a, + 



48 







LADDER NETWORKS AND GENERALISATIONS § 23 


- which is equal to 

KQ,, a, . . . a.ii) _ 2 

K (ct. 2 . . . 

Consider now the current in the element x 3 ; current entering 
the network will divide between x. 2 and x z , the fraction of the 
current entering x 3 will be given by 

Admittance of network x 3 , x 4 , x 5 , . . . x n 

Admittance of x 2 4- Admittance of network x 3 , x 4 , x 5 , . . . x n 

K(<x 4 . . . a n ) 

K (a 3 . . . 

n -4- -^-(^4 • • » a n) 

3 K (« 3 

_ _ K(b&4 . , . Ct-Yx) _ 

* * • &n) "h K(^X 4 . . . <^7i) 

= K (a 4 . . . a^) 

K(q 2 ... Cf'Tl) 


Similarly of this current a fraction 

. . . O 'ri) 

K(a 4 . . . a n ) 

will enter x 5 . 

So that the fraction of the original current passing through 
x 5 will be 

K(q 4 . . . ctn^) x K(q^ . . . ci-n~) 

K(q 2 . . . a n ) K(q 4 . . . «„) . 

^ K (a n . . . ci n ) _ 

K(a 2 . . . ct n ) ’ 


The process can be continued and the general result is that the 
current through any series member x. lr + i is equal to the input 
current multiplied by 


K(q 2r _i_ o • ♦ « 
K(q 2 . . . q n ) 


23.2 


and that the ratio of the current through x. lr + x to the current 
through x 2g + 1 

__ 2 r - 4 - 2 » &n) 

K.(^q 2 g _J_ 3 . . . CLn) 


Let the current in the series member x. 2r + x due to a voltage v 
impressed at the sending end TjT .2 be ^/Z 2r + i so that Z 2r + a can 
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be termed the impedance of x 2r + i with respect to the terminals 
T x T 2 ; Z 2r + x can now be determined ; the current through x 2r + 2 
is K(a 2r + 2 - . . a n )/K(<x 2 . . . a n ) times the current through x x 
and the current through x x is 

o, / ^C a i - • ■ a n) 

/ K (a 2 . . . a n ) 

and therefore the current through x 2r + a is equal to 

/ gOgi ■ ■ - g n) 

/ K(a 2r + 2 


whence 


K(a x . . . a n ) 


23.4 


Jr + 1 ~ K(a ar + a . . . q„)‘ 

Next consider the voltages across shunt members ; if a voltage 
is applied at T 2 T 2 the fraction of the voltage across x 2 will be 
given by 

Impedance of network x 2 , x n 


Impedance of network x lf x 2 . x s , 


K(a» 


tin) I K(ai 


K (a 2 

K(^3 


On) 


K(u 2 


On ) 


Uryj,) 


KOl * ■ * 

Of this voltage across x 2 , which is the input voltage to the net¬ 
work beginning at x s , a fraction K(a 5 . . . <x w )/K(a 3 . . . a n ~) 
will be the voltage across x±. 

So that, of the original applied voltage, a fraction 
K(a 5 . . , On ) 

K(cq . . . a n ) 

will be the voltage across cr 4 . Continuing in the same way, the 
voltage across the shunt element x 2r is equal to the input voltage 
multiplied by 

K(c6 ar ct n ^) ^35 

K(a x . . . a n ) ' . 

and the ratio of the voltage across x 2r to the voltage across x 2S is 

K(q 

2 r -t- l • • • a n) 90 r 

K(a 2S + x . . . a n ) ’ * * ■ 

If Z 2r is the impedance of the shunt element x 2r with respect 
to the terminals TjTg, it follows that 

1 ... Qjkx) 

cl 2t 


Z 2r = — 


K(q 2r _j_! 
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If in Fig. 51 we take <c n as a terminal impedance, then Z n is 
the receiving-end impedance of the network x 1} x Q , . . x n _ i 
terminated by x n ; its value is given by 

. . ., &"n) g 

Ctyj, 

which is equal to 

K(a. 1 K C«i • ■ • «»-») . 

(J- 'll 

In particular, if cc n is of zero impedance, 

a M = i=c° ) 

and the receiving end impedance of the network x 1 . . . _ l9 

short-circuited at the output, is 

K (Oj . . . ctn-i). - • • 2 3.9 

It has been taken throughout that the network commences 
with a series member: there is no loss* of generality in this, for if 
the network commences with a shunt member it is merely necessary 
to put a x — 0, and notice that 

K(0, CJC.2j * - -? dri) ~ , 

It would be possible to proceed from this point and develop 
the complete theory of T and 11 sections entirely afresh by 
evaluating continuants of the form *% 

K(a, b, 2a, b, 2a, . . ., 2a, b, a + z), 

K (b, 2a, b , 2a, . . 2a, 6, a + z). 

Difference equations are obtained the solution of which can be 
obtained by a method given in HerseheFs “ Finite Differences/’ 
Cambridge, 1820, Section XII. 

Thus, together with the methods given in Chapters I. and II., 
three independent methods of deriving the properties of the T and 
II section artificial lines are available. 

§ 24. The Generalised Ladder Artificial Line Section. 

Consider an artificial line section such as is shown in Fig. 52. 

It consists of 2n - 1 elements symmetrically placed about 
a centre element oc tl , which may be either series or shunt. 

Let the impedances of the series elements x x , x z , etc., be a L , a 37 

etc., and of the shunt elements x.>, ^ etc -> etc * 

0^2 
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The constants can be calculated by the standard method of 
Chapter II. 

Thus Z 0 tanh 0 is the impedance of a single section short- 
circuited at the output and is therefore given by 


Z 0 tanh 0 = + 


(X/e) “H HH • • 


+ a., + a. 


and 

Z 0 coth 0 
Thus 


K(<x l9 <x 2 , 

. . ., , 

. ^2, 

_£h) 

24.1 

K(ct 2 , a 3 , 

. . ., CL n , . . . 




K/aj, a 2 , . 

- . -j . . .j 

■ a 3 » 

« 2 ) 

. 24.2 


. . ., <X n , . . 


a 2 )' 


' 2 * 

<x 2 , . . . 

« • > 


24.3 

10 “ K(a» 

CL%, . . ., . 

* * * J 

a 8> ^ 2 ) 




Fig. 52. 


Alternatively, we can use the Bisection Theorem ; there will 
be two cases to consider depending on whether x n is a shunt or a 
series member. 

A half section is shown in Fig. 53 (a,) and ( b ), (a) showing the 
case where m is even and (6) showing the case where n is odd. 

Z 0 tanh 0 /2 is the impedance of a half section short-circuited at 
the output and is given by 

Z 0 tanh (9/2 = B^ 1 ’ - a ' 2 ’ 

0 ' K(a 2 , <x 3 , 

K(ai, <x 2 , 

CC< 3 , 

Similarly 

Z 0 coth <9/2 - jjEfr* 1 ’ a ' 2 ’ 

K(a 2 , a, 3 , 

___ i ^ 2 ? 

K(/x 2 j <x 3 , 

52 


---it n is even 

a n _ o, a, L „ 0 

-77~ it -n is odd 

., CL n — j, ct n f 2) 

a n _ ! 5 GbJ 2 ) 

--—if w is even 

., _ j, a n /2) 


CL-g —. 27 — i) 

ew _ o, _ A 


if is odd 
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The value of Z 0 2 obtained by multiplying Z 0 coth 0/2 by 
Z 0 tanh 0/2, will be found, on applying 22.11, to be the same 
as 24.3. 

The standard equations for the T and II sections can be derived 
as an exercise. 



(6) Half section, n odd. 
Fig. 53. 


§ 25. Reciprocal Impedances and Networks. 

A very important and useful method of transforming ladder 
networks can now be dealt with. 

Suppose P and Q are any two impedances, and let S = P 2 /Q : 
then S will be of the dimensions of an impedance, and will be 
termed the reciprocal of Q with respect to P. Also since Q — P 2 /S, 
Q is the reciprocal of S with respect to P. Whatever the form of 
P and Q at any one frequency, S could be represented by a resist¬ 
ance in series with either a capacity or an inductance ; in general, 
however, the values of the resistance and the capacity or induct¬ 
ance would change with frequency, while the reactance might be 
a capacity at one frequency and an inductance at another. 

There is, however, a large claSvS of networks where the im¬ 
pedance S can be represented at all frequencies by a definite 
physical network. Consider the simple case where P is a resistance 
R, and Q an inductance L. 
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Then 


_ R 2 = 1 

Q jcolu . L 


But at all frequencies — j-~ is the impedance of a condenser 

having a capacity L/R 2 . Thus the reciprocal of an inductance L 
with respect to a resistance R is a capacity L/R 2 . 


mr 
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H 
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Fig. 54. 


As a rather more complicated example, suppose there is a re¬ 
sistance v in series with L; then the reciprocal with respect to R is 


S 


R 2 _ _ 

T + y<»L T 


1 

. L 

+ J c °m 


This is the impedance of a capacity, L/R 2 , shunted by a resist¬ 
ance R 2 /r. 
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In the last example the reciprocal is derived from the original 
network by replacing- each element by its reciprocal and changing 
the series connection to a parallel one. 

In Fig. 54 are shown some simple pairs of reciprocal networks, 
the reciprocation being with respect to a resistance R. 

§ 26. A General Theorem on Reciprocal Networks. 

The examples on reciprocation of the last section are simple 
cases of a general theorem. 


<$2 Sri. 



Fig. 55. 


Suppose that a ladder network is given, consisting of series 
impedances Sj, S 2 , S 3 , . . ., S ny and shunt impedances T ly T 2 , 
T 3 , . . ., T n , as shown in Fig. 55, and that X is its impedance; 


then 


v _ K(S 1} 1/T X , S 2 , 1/T* . . S n , 1/TO 
A K(l/T lf S 2 , 1/T 2 , . . S„, 1/TO 



Fig. 56. 


Construct a network as shown in Fig. 56 having for its series 
elements the reciprocals of T x , T 2 , . . ., T„, with respect to some 
impedance P, i.e. P 2 /T 1? P 2 /T 2 , - - P 2 /T w , and for shunt elements 
the reciprocals of S ls S 2 , . . ., S n , i.e. P 2 /S 1? P-/S 2 , . . ., P 2 /S n , and 
let the impedance of this network be Y. 

Then 

v _ K(P 2 /T 13 S 2 /P 2 , P 2 /T 2 , S 3 /P 2 , . . ., P 2 /T n ) 

K(S,/P 2 , P 2 /T x , s 2 /P 2 , P 2 /T 2 , . . ., P*/TO ■ 
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Applying 22.9 to both numerator and denominator we obtain 
^ P’KCl/T,, S 2 , 1/T 2 , . . ., 1/T n ) 

Y “ K(S 13 1/T 13 S 2 , . . 1/T ft ) * 

_ P 2 
~ X * 

Therefore the network of Fig. 56 is the reciprocal with respect 
to P of the network of Fig. 55, and vice versa. The process of 



Fig. 57. 


deriving the network Y from X will be spoken of as reciprocating 
X with respect to P. 

A special case of importance is when all the shunt impedances 
in Fig. 55 are infinite, so that the network reduces to the n im¬ 
pedances S 1} S 2 , S 3 , . . . S n connected in series. In the reciprocal 
network all the series impedances P 2 /T ls P 2 /T 2 , P 2 /T 3 , • - . P 2 /T n 
become zero, so that the reciprocal network consists in the n im¬ 
pedances P 2 /S 1} P 2 /S 2 , . . . P 2 /S n connected in parallel. 



Fig. 58. 


As an example take the network shown in Fig 57. 

Its reciprocal with respect to a resistance R is of the form shown 
in Fig. 58. 

It follows that a network of ladder form, if all its series and 
shunt elements can be reduced to simple ladder types, has a 
reciprocal with respect to any resistance, R, which can be physically 
constructed to be true for all frequencies. 
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Reciprocation with respect to impedances other than resistances, 
such as inductances or capacities, is not usually possible; for con¬ 
sider the reciprocals of an inductance L 1? a capacity C and a resis¬ 
tance R with respect to an inductance L The reciprocals will be 
respectively 

.( 1 ) 


( jcoL)- 

1 

(/<bL) 

(y^c) 

UcoJ^y 1 

R 


- jay* L 2 C, 


(1) represents the impedance of an inductance L . =—, but neither 

Li 

(2) nor (3) represent the impedance of any network that can be 
simply constructed. 

It is possible in many cases to reciprocate special networks 
related to artificial lines with respect to the characteristic impedance 
of the line. 

For example, in the case of the T section line, the impedance 
Z 0 tanh 0) 2, which is equal to A, may be reciprocated with respect 
to Z 0 , giving Z 0 coth <9/2 = A + 2B. Thus any ladder network 
built up of numerical multiples of Z 0 tanh (9/2 and Z 0 coth 6j 2 has 
a reciprocal with respect to Z 0 which can be physically realised. 

In general, if any network of ladder form, associated with an 
artificial line section of constants Z 0 and 0, is constructed of 
numerical multiples of Z 0 tanh r6 and Z 0 coth sO , where v and s 
can have any integral values (and, in cases where bisection is 
possible, half integral numbers), then the network can be physically 
reciprocated with respect to Z 0 . 

Again, given a uniform transmission line having constants 
R, L, S, C, any ladder network made up of numerical multiples of 

R + jcolj and —q can be reciprocated with respect to the 


characteristic 


tipedance, 


R -4- j co Ju \ 
S 4- ycoij)' 


of the uniform line, the 


reciprocals bein 


1 

g S + jcoQ 


and R -4- j?a>L respectively. 
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§27 

§ 27. Equivalent T and IT Sections obtained by Reciprocation. 

As a further example of the value of this method, suppose it is 
required to find a TI section artificial line having the same Z 0 as a 


A A A A A A 



Fig. 59. 


section line. Let A and B be the elements of the T section, and 
B' those of the II section. 

Then Z 0 is the impedance of the infinite ladder network of 
2 Fig. 59. 

z o/ B Zo/ B Suppose this infinite 

network is reciprocated 
with respect to Z 0 ; then the 
resulting network, which is 
shown in Fig. 60, has an 
impedance Z 0 2 /Z 0 , i.e. Z 0 . 
But this is an infinite 
Fig. 60. II section artificial line of 

which a single section is 
shown in Fig. 61(a). Thus the infinite II section line of Fig. 60 
constructed of individual II sections, as in Fig. 61(a), has the same 



Fig. 61. 


characteristic impedance, viz. Z 0 , as the infinite T section line of 
Fig. 59; this can be readily checked by fundamental formula. 
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Replacing Z 0 2 by A 2 + 2AB, 

Z 0 2 /A = A + 2B 

and Z 0 2 /B = A 2 /B + 2A 

Thus the II section can be redrawn as in Fig. 61(6). 

The question as to whether this II section can actually be con¬ 
structed depends on whether the reciprocal of B with respect to A 
is physically realisable. 

For a T section in which A is a resistance and B is of ladder 
form there always exists a II section having the same Z 0 . It may 
also be proved that the II section has the same propagation constant 
as the T section and is therefore exactly equivalent. 

For example the II section of Fig. 62(6) is equivalent to the T 
section of Fig. 62(a). 



Fig. 62. 

If R and C are the elements of Fig. 62(a) then the series 
element of Fig. 62(6) is a resistance 2R in series with an induct¬ 
ance CR 2 while each shunt element is a resistance R in series with 
a capacity C/2. 

§ 28. A General Class of Artificial Line. 

In Chapter II., § 18 (Fig. 43), a simple three-eleinent artificial 
line was examined. This may be considered as a simple case of a 
more general type, of which a half section is shown in Fig. 63. A 
complete section is made by taking another identical half section 
and connecting T/, T./, etc., to T/, TV, etc., of the first half. 

The half section consists of series impedances x ly x. iy x b , . . 
x 2n — i 3 of shunt impedances x 2 , x 4 , x 6 , . . . , x 2n , and of cross imped¬ 
ances x Q \ x./, x 4 , . . x' 2n _ o- 

Fig. 63 illustrates the case for n = 3. 

Applying the Bisection Theorem, Z 0 coth 6[2 is the impedance 
of the network in Fig. 63 with the terminals T/, T 2 ', T 3 ', etc., all 
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§ 28 


free; the network can in this case be redrawn as in Fig*. 64(a). 
Similarly Z 0 tanh#/2 is the impedance of the network of Fig. 63 
with T/, T/, Tetc., all connected together ; the network can be re¬ 
drawn as in Fig. 64(6). 

Let the impedances of x v cc d , aj fl , etc., be a l9 a 3 , <x 5 , etc., and of 
£C 0 , ? *^ 4 j *^4 » etc., be 


1 

CCq 


2 

a 2 * 


1 

etc! 


2 


2 

a/ 


etc. 


Then 


Z 0 coth ^ 


K(<x 1 , q 2 , . . a 2n ) 
K(<X 2 , < 2 - 3 , • - CL an) 


Z tanh - = (& 2 + a/), (a 4 4- a./), 

0 2 K{a, 0 ", a x , (a 2 + a/), a 8 , . . 


— 1 } 


These two equations determine the constants Z 0 and 6. 



Fig. 63. 


28.1 

28.2 


A special case is of interest and will be used later in Chapter VII. 

Let cc l9 X 3 , £c 5 , etc., be each numerical multiples of one type of 
impedance X, so that <x l5 a 3 , a 5 , etc., are respectively 6 x X, 6 8 X, 6 f) X, 
etc. 

Let all the other x’a be numerical multiples of another impedance 
Y which is equal to Q 2 /X, where Q is any impedance, so that a 0 \ 
a 2 , a 2 \ etc., will be respectively 


6 0 'X 6gX 

Q 2 ’ Q 2 ’ 


W x 
Q 2 9 


etc. 
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Now choose the 6’s so that 

&i — b 0 

h = b ! 

— Z>. 2 -h 6./ 

^4 = 

Z> 5 = b± + 6/ 

= b 5 etc. 

If these values are inserted in 28.1 and 28.2 it will be seen on 
applying 22.9 that Z 0 2 , the product of Z 0 coth 0[2 and Z 0 tanh 6/ 2, 
is equal to Q 2 . 

Suppose X is an inductance L, Q a resistance R, then Y is a 
capacity L/R 2 . Thus a large class of artificial line sections can be 


JC 7 JC 3 JC S 



Fig. 64. 


constructed of inductances and capacities, the characteristic imped¬ 
ance of any member of the class being a resistance at all frequencies. 
Such networks are of great importance and will be discussed in 
Chapter V1L 

EXAMPLES AND NOTES. 

1. Properties of the ladder network. 

(a) The network x lr x 2 , . . ., x n is electrically symmetrical, i.e. ^ = 0 if 

K(o>i, tig, - - &n — i) = Ku(£l 2 , d 3 , . . ., Qs}%). 

(b) The voltage across x n for a given input voltage will be independent of 
the value of x n if 

cio, . . ., o/jx,— j) = 0. 
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(c) The current through x n for a given input voltage will be independent 
of the value of x n if 

U 2 , . * . j (In — 2 ) == 

and if this is so the receiving-end impedance will be 

U 2 , • - — i)» 

(d) The continuant K(%, an) can be expressed as 

ttg, . • «, Ur — j.) • K(®r 4 - it Ur + 2> * - *9 a n) 

“f~ K(u 1? U 2 , - • •* ~ 2 » «r-i + + i» + i, - • On) 

and is then of the form 

u r X + Y, 

where X and Y are independent of a r . 

Hence the condition that the receiving-end impedance is independent of 
the value of an intermediate element x r is either 

K(a x , 02 , . . ., a r - 1 ) — 0, 

or K(ur 4- it Ur 4- 2> • - • * Un) = 0. 

(e) The current through x n will be zero for all values of x n if 

K(a x , a 2 , . . ., an - 1) = 00- 



Eig. 65. 


(/) Examine the significance of the zeros occurring in equations 22.6, 
22.7 and 22.8. 


2. Prove that a simple continuant is unaltered in value if any five consecu¬ 
tive terms, 

a r> Or 4 - i» a r 4 - 2 > a r 4 - 3 > a r 4 - 47 
are replaced by the three terms 


a r + 


Ur+ 2 Ur 4 - 3 


-^■(Ur-t-i* Ur4-2, Or 4-3) 


, K.(ar-t-i, Ur-j- 2 ? Ur + 3), Ur 4-4 + 


U r 4-gUr 4-1 

K(ar4-1, U-r 4 - 2 , Ur-f- 3 ) 


and that this may be regarded as a statement of either the Star-Delta or 
Delta-Star transformation, according as to whether a r stands for a shunt or 
series impedance. 


3. Show (using continuants) that, for an asymmetric network constructed 
as in Fig. 65, 

Z = Q. 

4. Show that Z 0 sinh 6, the receiving-end impedance of the artificial line 
section of § 24, Fig. 52, short-circuited at the output, is 

K^cq, • . On, . . cq). 
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Show also that 

and that 


_1_ = Z 0 

K(o 2 , . . On, . • Os) sinh Q 

• • •) • • •) d* 2 } — cosh. &• 




Fig. 66. 


5. The impedance of the network of Tig. 66(a) is equal to A. A special 
case is that the impedance of the network of Fig. 66(6) is equal to R, if 

L/C = R 2 . 



CCL) Ch) 

Fig. 67* 


6. The impedance of the network of Fig. 67(a) is equal to A. A well- 
known special case is that the impedance of the network of Fig. 67(6) is equal 
to R, if L/C = R 2 . 



Fig. 68. 

7. In the bridge network shown in Fig. 68, where x is any numerical quan¬ 
tity, z is conjugate to the terminals T X T 2 , i.e. if a voltage is applied to the 
terminals T 2 T 2 no current will flow through z. 
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If A and B are resistances this is an ordinary Wheatstone bridge. If A 
is a resistance and B an inductance in series with a resistance, then A 2 /B is a 
leaky capacity and the Maxwell inductance bridge is obtained. 

Similarly, by making A a resistance and B any ladder network a whole 
class of aperiodic alternating current bridges is obtained. 

8. Show that the T section of Fig. 69 is equivalent to a standard n section. 


A /z A/2 



Fio. 69. 


and, therefore, if in a n section the shunt element is a resistance and the 
series member is of ladder form, there always exists a physically equivalent T. 

9. Show that the T section of Fig. 70 is equivalent to two standard T 
sections, and that therefore if in a given T section B is a resistance and A 
is of ladder form it is always possible to construct a single T section equivalent 
to two of the original sections. 



Fig. 70. 


10. Show that the T section shown in Fig. 71 has a characteristic imped¬ 
ance which is rational and equal to 

2B - AB 
2B A + B’ 
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and show that the results of Examples 5 and 6 can. he deduced as a simple 
property of this T section artificial line. 

Obtain the corresponding n section. 

11. Given a T section having series and shunt elements A and B, in which 
A is a resistance, show that it is possible to construct an associated artificial 



Fia. 71. 


line whose characteristic impedance is Z 0 sinh 6/2, where Z 0 and 6 are the con¬ 
stants of the original section. 

12. If is the sending-end impedance of an artificial line terminated by z , 
and Z 2 is the sending-end impedance of the same artificial line terminated by 
Z 0 4 /z, then ZiZ 2 — Z 0 2 - 

The equation 8.5 is a special case of this result. 
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CHAPTEIl IV. 


EQUIVALENT NETWORKS RELATED TO ARTIFICIAL 

LINES. 

§ 29. Simple Cases of Equivalent Networks. 

In this chapter we shall deal with a class of equivalent networks 
related to artificial lines. Their practical value is probably not very 
great, and the whole chapter may be omitted without much loss. 
They are, however, of interest in that they show the remarkably in¬ 
timate relations between artificial lines and hyperbolic functions, 



Tig. 72. 


how almost any linear trigonometric formula relating the odd 
hyperbolic functions, ie. sink, tanh, and coth, has some physical 
interpretation in artificial line theory. 

Let us start first with a simple formula 

2 tanh 6 


tanh 26 


1 + tanh 2 6 ' 
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29.1 
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We may rewrite the right-hand side as 

1 

1 1 ' 

2 tanh 0 2 coth 6 

Multiplying each side by Z 0 , we can write 

Z 0 tanh 20 = - - --—- - -. . 29.2 

2Z 0 tanh 0 + 2Z 0 coth 8 

Now if Z 0 and 0 are the constants of an artificial line, consider the 
physical meaning of this equation. 



Fig. 73. 


Z 0 tanh 20 is the impedance of a two-section artificial line short- 
circuited at the output. The right side of the equation is the im¬ 
pedance of the two impedances 2Z 0 tanh 0 and 2Z 0 coth 0 connected 
in parallel, which are respectively twice the impedance of a single 
section short- and open-circuited at the output. 

Thus 29.2 states physically that the two networks shown in 
Fig. 72 have identical impedances, the rectangle representing any 
artificial line section whatever. 

For a simple T section we obtain the two networks of Fig. 73, 
which have identical impedances. 
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The formula 

cotli 20 = 


1 4 - tanh 2 0 
2 tanh 0 


gives 


= coth 0 + i tanh 0 
Zq coth 20 => -$rZ 0 coth 0 + iZ 0 tanh 0 . 



(a) 


29.3 

29.4 



Fig. 74. 


and thus, corresponding to Fig. 72, we have the impedance identity 
of Fig. 74. 

We may note in passing that the netwoi'k of Fig. 74(6) can be 
obtained from that of Fig. 72(6) by reciprocating with respect to Z 0 . 



/ 2* 

(a,) cb) 

Fio. 75. 


These two cases are not even the simplest, for we may express 
Z 0 tanh 0 in terms of Z 0 tanh 0/2 and Z 0 coth 0/2. Thus for a single 
T section the application of 29.2 gives the equivalence of the net¬ 
works shown in Fig. 75. 
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The truth of this can be at once proved by writing down the 
impedances both of which are A 4 - AB/(A 4- B). 

The example shown in Fig. 73 is for simple T sections, but the 
identity holds for any artificial line section however complex. 

§ 30. General Formulae. 

The simple cases of equivalent networks given in the previous 
section suggest that they are simple cases of more general results. 
An examination of formulae for expansion of hyperbolic functions 
shows that many exist which lead to equivalent networks. 

Among the most important are the following: 


m , „ n tanh 6 (ri> - l 2 ) tanh 2 6 O 2 - 2 2 ) tanh 2 6 

lanh tiG - x + 3 + 5 4- 

2 

„ tanh 6 . — 


Tanh tiG 


1 4- 


- o 2r 4 - 1 
71 Sin 2 -rr- . 7 T 

2ti 

tanh 2 G 


2 2r + 1 
tan 2 -jr- . 7 T 


2n 

when 7i is even 
2 


Tanh nO = 


tanh G 


tanh(9 ._ 

2 7i sm 2 - s -. 7 r 

2 71 


s — 

r — 0 1 


tanh 2 G 
2 2 2r T 1 

tan 2n ' 
when 7i is odd 


30.1 


30.2 


30.3 


tanh 0 . 


Coth tiG — ^(tanh 0 4- coth O') 4- - 

r — 1 I 


tanh 2 6 

, o 7*7T 

tan- — 


when is even 
t _ i tanh # . — 


30.4 


~ ^ coth # 

Coth Tid =-h 


^ sin- 


TTT 

71 


1 4- 


tanh 2 # 


tan 2 — 

71 


when 7i is odd, 
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Tanh 


nO 1 


. „ 2r + I 

Sin 2 — - . 7r 

2 n 

sinh 0 


.1 tanh 


Coth 


nO 1 
2 ” n. 


2 coth 6? 


when 71 is even, 

1 


. t> 7'TT 

7~X Hm- ; * 

——.— + tanh 

smh 6 2 


Tanh 


1 


tanh ^ 4- 


when n is even, 

I 


. * 2 r +1 
0 Hm ' 2n ‘ 77 0 

sink 0 + i tanh 2 

when n is odd, 


r m ,, nO 1 

Coth -JT- = 

2 n 


n. -1 
2 


coth 


J 


- «, 7*7r 

sm-- ^ 

n , , , o' 

- - i - y , + A tanh 
sum 0 


2 j 

when n is odd, 



3 n 


__ n(n 2 — 2 2 ) n 2 — 1 

a * 5{n 2 — l 3 ) * _ 7n(™ 2 — 2 2 ) 

_ n(n 2 — 2 2 )(™ 2 — 4 2 ) >2 (n 2 — l*)(n* — 3 2 ) ' 

a3 9(™ a — l a )(™ 2 — 3 2 ) ‘ _ lln(n 2 — 2 2 )(7i 2 — 4 2 ) 

etc. ® 


(n 2 — l 2 )(n 2 — 3 2 )(™ 2 — 5 2 
etc. 


Fig. 76.—Equivalent circuit for Z 0 tanh rt-0. 
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30.8 
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First consider 30.1; from the finite continued fraction 


tanh n0 = 
we get 

Z 0 tanh = 


7i tanh 0 (ji 1 

1 + 


l 2 ) tanh 2 0 (ri 2 
3 + 


2 2 ) tanh 2 Q 


5 + 


1 /tiZ 0 tanh 6 


Sti 

n 2 - l 2 


• Z Q coth 0 4 - 


1 7i(ri 2 — 2 2 ) 

5(ti 2 - l 2 ) 


• Z 0 tanh 0 -h 


30.10 


If we compare this continued fraction with the continued 
fraction for the impedance of a ladder network (Chap. III., § 23) 


A A A A A A A A 



Fig. 77. 


we see at once that 30.10 is a statement that the impedance of 
the ladder network shown in Fig. 76 is Z 0 tanh nO . 

Thus in the case of four T sections short-circuited at the out¬ 
put, as shown in Fig. 77 (a), the values of the a’a and fr’s are 

4(4 2 - 2 2 ) 16 

a - ~ 5(4r - 1) 25 ’ 

3 x 4 _ 4 
6 i = 4 2 - 1 “ 5 ’ 
t 7 x 4 x (4 2 - 2 2 ) _ 16 

° 2 ~ (42 _ 1 2 )(4 2 - 3 2 ) 5 ’ 
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and therefore since 

Z u coth Q « A -+- B 

and Z 0 tank # » A -h ? 

the network of Fig*. 77(b) is equivalent to that of Fig. 77(a). 

By reciprocating the network of Fig. 7 0 with respect to Z 0 we 
obtain the equivalent circuit for Z 0 coth nB, shown in Fig. 78, 
where the aJ s and Vs have the same values as in Fig. 76: 



Fio. 78.—Equivalent cireuit for Z 0 coth n9. 


Consider now the identity 80.2 ; we have, when is even, 

2 


Z 0 tanh 6 . 


. ,, 2r 1 


Z 0 tanh 7i0 ™ 

r =s 0 


n Hur 


2n 


1 + 


tanh^ 6 


„ 2 t + 1 
tan 2 -• .7r 

An 


+ 


, „ w 2 2 

Z 0 tanh (9 .- ^ -=-Z 0 cotli 0 . - 0 , ..- 

0 . 0 2r -+• 1 0 2r + 1 

n sin 2 —x— . 7T r n cos 2 - ^ . tt 

2 n An 

80.11 

But the expression under the £ is the impedance of the simple 
circuit shown in Fig. 79. 

a y% 21 q coth & _ 2 




2r -f- 1 

n cos 2 2n ' 77 


6 y — 


. a 2r + 1 
w sm 2n * w 


"b-r Z 0 tanh $ 


Fig. 79. 
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Hence the network in Fig. 80, consisting of -g pairs of multiples 

of Z 0 coth 6 and Z 0 tanh 0 has an impedance Z 0 tanh n0. 

From the identity 30.8 we can obtain an equivalent network of 
the same general type when n is odd. 

Identities 30.4 and 30.5 yield equivalent networks for 
Z 0 coth viO, 



Fig. 80.—Equivalent circuit for Z 0 tanh nd. 

From these networks we can obtain by reciprocation a complete 
set of networks of a different type for both Z 0 tanh nnO and 
Z 0 coth n0. 

For example, the impedance of the network of Fig. 80 is 
Z 0 tanh nri0 —reciprocating with respect to Z 0 we have the network 
shown in Fig. 81 whose impedance is Z 0 coth nh6, the a’s and b’s 
having the same values as in Figs. 79 and 80. 



Fig. 81.—Equivalent circuit for Z 0 cothn&. 


For Z 0 coth 770 we can get, from identities 30.4 and 30.5, 
equivalent networks of the general form of Fig. 80, hence, by 
reciprocating with respect to Z 0 , networks of the general form of 
Fig. 81 can be obtained for Z 0 tanh n6 . 

Identities 30.6, 30.7, 30.8, and 30.9 can be applied to T and II 
sections, since they require the physical reality of Z 0 sinh 6 and 
Z 0 / sinh 0, but they cannot be applied to artificial lines in 
general. 
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The identities can be used to give many other different 
equivalent networks. For example, suppose n = n x x n 2 , then 
we can expand tanh nO either as tanh n x (n 2 0) or as tanh 
obtaining networks of the forms shown in Figs. 78, 80 and 81,' 
the impedances being numerical multiples of Z 0 tanh n 2 0 and 
Z 0 coth n 2 0 in the first case and of Z 0 tanh n. x 0 and Z 0 coth n x d in 
the second. 


Z a coth(n.-r)9 Z 0 tanh rd 



Fig. 82.—Equivalent circuit for Z 0 tanh n 0. 

Again, 

Z 0 tanh nO = Z 0 tanh {(n - r)<9 + r0 1 (0 < r < n) 

1 


Z 0 coth (n — r)6 4- Z 0 tanh f r0 + Z () tanh (n - r)6 + Z 0 coth rd 

which is the impedance of the network of Fig. 82. 

It can also be shown that the network of Fig. 88 is equivalent 
to Z 0 tanh n0. 



Z 0 coth rO Z 0 tanh(Ti-r)O 

Fig. 83.—Equivalent circuit for Z 0 tanh nd . 


It will be seen that Fig. 83 differs from Fig. 82 in that the 
junction points of the two pairs of impedances in each arm have 
been directly connected together ; in fact in Fig. 82 these two 
points are conjugate with respect to the pair of terminals T/IY 

Most of the equivalent networks given in this chapter are 
special cases of more general properties of ladder networks 
consisting of two different kinds of impedances : these properties 
are discussed in a long and interesting paper by W. Cauer, 
Archiv fur ElektrotechniJc , Heft 4, Band XVII., 1926. 
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CHAPTER V. 


ARTIFICIAL LINES RELATED TO THE UNIFORM 
TELEPHONE OR TRANSMISSION LINE. 

§ 31. Relation of Artificial Lines to Uniform Lines. 

In this chapter we shall consider a number of important and 
interesting 1 artificial lines related to the uniform line. They come 
under four heads:— 

1. Artificial Telephone Lines. —Networks having a pair of 
input terminals and a pair of output terminals that can replace to 
a sufficient degree of approximation a length of uniform line as far 
as measurements at the two ends are concerned. 

2 . Line Balances for Uniform Lines. —Networks with a 
single pair of terminals having an impedance equal at all fre¬ 
quencies to the characteristic impedance of the uniform line. 

3. Impedance Corrective Netvuorks. —Networks with a single 
pair of terminals which, when associated with the infinite uni¬ 
form line, reduce its input impedance to a non-inductive resistance. 

4. Distortion Corrective Netzcorks .—Networks having two 
pairs of terminals which when used in conjunction with the uniform 
line either reduce or eliminate the distortion due to variation with 
frequency of the attenuation and phase constants of the uniform 
line. 

§ 32. Artificial Telephone Lines. 

An artificial line designed to be equivalent to a telephone line 
both as regards input and output terminals is called an A rtificial 
Telephone Line . 

The usual way of constructing these is that used in “ Standard 
Cable ” boxes: if R, L, S and C are the constants of the line per 
mile, T sections are made up as in Fig. 84, and this is taken as 
equivalent to a length l of the original line. 

The validity and degree of approximation of this arrangement 
must be examined. 

Let Z 0 ' and 0 be the constants of this T section; Z 0 and P, the 
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characteristic impedance and propagation constant of the uniform 
line, are given by 

z « = V( s + jS ) and p = ^ {(R + > L x® + y«o)}. 

Then in the T section of Fig. 84, 

A - |(R + jo, L) 


B = , 


Hence Z a 


= Z(S + j<o6y 

= V < R + i" L ) 2 + S"Jy«c} 

“ V(s + >c)V{ X + 5 + i“L)(S + y»C)} 

= z «V( i + RfT)- • • • • 32 - 



Expanding by the Binomial Theorem 

Z Q ' = Z 0 (l + -g-J approx., . . 32.2 

provided that P l is small. 

The propagation constant 6 can also be expressed in terms of 
PZ, for 1 

Z 0 'tanh| = |(R + jo, L) 

. -, 0 L R + 7 coL 

tanh - = 

£ R + joyLi 

~ S ' z -V [ 1 + (t)’] 

pz 
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Hence, using the expansion 


dC^ (Xs* 

tanh - 1 a? = £C + ir H —■=■ + . . ., 

O O 


we obtain 


<9=2 tanh — 1 


PI * 
P 2 l 2 \ 


v( i+ t) 

PI 1 

VO * *?) + 34 0 


P H* 

P 2 l 2 \ 3/4 


0 + t) 


Expanding and neglecting terms o£ higher order than third 
in PI, 

° -» - - A) 

/ P 2 l 2 \ 

=* PI f 1-24^/ approximately. . . 32.4 


By keeping £ small, Z 0 ' and 0 can be made to approximate as 
nearly as may be desired to Z 0 and PI ; for this reason in “ Standard 
Cable ” boxes each individual section is made np to replace not 
more than two miles. A “ Standard Cable ” block for twenty 
miles, for example, would be built up of ten two-mile sections. 

Equations 32.2 and 32.4 allow the degree of error in an 
artificial telephone line of this type to be easily calculated. 

For example, in the case of a two-mile section t( Standard Cable ” 
at 800 cycles, 

PI = 0*3/45° approximately, 

P H 2 = 0*09 /90° , 

^ = 1 + 0-011/90°, 

Zj 0 

and ~ = 1 - 0-0038 /90° . 

The errors therefore are so small as to be negligible. 

§ 33. Artificial Telephone Lines. Another Method. 

This method is based on the equivalent bridge described in 
Chapter II., § 17. To construct the equivalent bridge for a length l 
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of the uniform line it is necessary to construct physical networks 
to have impedances equal to 

Z 0 tanh ^ 
and Z 0 coth ~ . 

It happens that there are a number of ways of doing this to 
any desired degree of approximation. 

p l t 

Consider first Z 0 tanh ; for simplicity let 

R 4- jcoJu — X 
1 


so that 


S + jco C " 

Z >s tanh ^ = V(XY) . tanh . 


There is a well-known expansion of tanh x as an infinite 
continued fraction due to Euler, viz. 

, X X 2 X 2 

tanh x = T — —- 

1 4- 3 4- 5 4- . . . 

_ J._ 

1/x -h —-Y 


Thus tanh ^ — tanh 


3.2 

/Y 

1 



l A 

/x 

5^2 

'Y + _ 

1 



1 V 

X + 



and therefore, multiplying by ^/XY, 


Z 0 tanh Y 


IX + 3.2Y 
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But this is readily seen to be the impedance of the network of 
Fig. 85, where 

IX 
—sT* 

zx 

and generally s„ = 2 ( 4 ^ , _ 3 ) ’ 

t - 6Y 
*1 - T ’ 


and generally t n = j-2 (4ti - 1 ). 

= Z(R - 4 - j*>L) 
2(4tt, - 3) 2(4ti - 3) 

and is the impedance of a resistance of value 

ZR 

2(4 n - 3) 



Fig. 85. 

connected in series with an inductance 

ZL 

2(472, - 3) ’ 

Y 

Similarly -^-2(477, — 1) is the impedance of a capacity of value 

ZC ZS 

shunted by a leak of value ^Ta -^ * 

2(472, - 1) J 2(4?7 - 1) 

Thus Z 0 tanh PZ/2 can he represented by the infinite network 

of Fig. 86, where 

T ZL 

~ 2(4ti - 3) ’ 

ZR 

n - 2(477 - 3) ’ 

r _ 

w 2(4% - 1) ? 

« _ 

~ 2(4% - 1) ' 
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Another Infinite network can be obtained by using the 
expansion 

n ~ o o 


tanh cc = 



_ 

(2 n — l) 2 7r 2 + 4cc 2 



Thus 


Z 0 tanh ~ = >s/XY tanh 

v'ST 8 i^j 


2 

n = 1 

CO 

- 1) 2 7T 2 


Z /X 
Y 


(2™ - I) 2 tt 2 + 

1 

. (2?i - 1] 

n = 1 


4ZX r 4Y 
This is the impedance of the infinite network of Fig. 87, 

CL, X Ot«2 X 


by 


D- 1 


hr 


5*- 

Fig. 87. 

where cb n = 4l/(2n — l) 2 7r 2 , 6 — 4/Z. 
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Fig. 88. 

Yet another network equivalent to Z 0 tanh PZ/2 can be obtained 
from the expansion 

71 = CO 

,, 1 2cc 

coth ® 5 ^ 

,K VXY 

Z " tanh T - II x 

coth -g- coth y 

- VXT . ---- 


^l-X 

‘ = 1 T ■ A' + W7T- 

4 \ 


™ + 2 


n = 1 T + 


IX n*-ir*Y ’ 
~4~ + l 


■which, is the impedance of the infinite network of Fig. 89, where 
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§S3 


S n “ 


ZS 

^ 2 7T 2 


c„ - 


IC_ 

r fi 2 rr 2 


We have found three separate solutions of the problem in the 
form of infinite networks, and by taking sufficient terms any 
required degree of approximation can be obtained. 

A similar set of equivalent networks for Z 0 coth PZ/2 can be 
worked out in the same way from the same trigonometric formulae. 
The Method of Reciprocation allows them to be obtained in a very 
simple and dir ect way by reciprocating Z 0 tanh PZ/2 with respect 
to Z 0 ; for it is seen that since Z 0 2 = XY, X , reciprocates into Y 
and Y into X. 



In practice, of course, the infinite networks cannot be obtained, 
but approximation can be made to any required degree by building 
the networks out far enough. If, moreover, the arms Z 0 tanh PZ/2 
and Z 0 coth PZ/2 are made up of those networks reciprocal to one 
another with respect to Z 0 , and are built out to the same degree of 
approximation, they will still be accurately reciprocal with respect 
to Z 0 . The resulting artificial line will have its characteristic 
impedance accurately equal to Z 0 for the uniform line, all the error 
being thrown into the propagation constant. 

The equivalent bridge artificial line has many points of theoreti¬ 
cal interest. Though not strictly coming within the scope of this 
book it may be mentioned that the equivalent networ ks for 

Z 0 tanh PZ/2 and Z a coth PZ/2 
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have very interesting connections with the theory of Normal Modes 
of Vibration and with their corresponding mechanical and acoustic 
analogies. 

Indeed the networks of Fig. 89 and the reciprocal of Fig. 88 
may be regarded as statements in physical form of the Heaviside 
Expansion for input current when a voltage is applied to the input 
terminals of a length Z/2 of uniform line short- or open-circuited 
respectively at the far end 

It will also be seen that these networks may be regarded as 
limiting cases of the results of Chapter IV. 

Just as it was pointed out in Chapter II. that the bridge section 
is more flexible than the T or H sections, so the artificial telephone 
line just obtained is more flexible than the original uniform line. 
In a uniform line we are limited from physical reasons to a series 
impedance which must be an inductance in series -with a resistance, 
and to a shunt impedance which must be a leaky capacity. But 
in the artificial telephone line just described there is no such limita¬ 
tion, for it will be seen, on referring back, that the physical existence 
of the equivalent networks for Z 0 tanh PZ/2 and Z 0 coth PZ/2 depends 
only on X and Y being physically realisable ; it does not in any way 

depend on the fact that X = R + jcolu and Y = g - + jcct C 

Thus it is possible to construct an artificial line equivalent to 
any hypothetical uniform line, provided only that its shunt and 
series impedances are of a physically realisable form. 

For example, it is only necessary to interchange X and Y 
throughout to obtain an artificial line having a characteristic im¬ 
pedance and propagation constant equal to 

/ R + jtolu , __1__ 

V s + jcoC ./(R + jco L)(S ■+- jo>C) 

respectively. This artificial line would be equivalent to a uniform 

line having per unit length a series impedance of g — an< ^ 

a shunt impedance (R. -h jooilS) ; but whereas the artificial line could 
be physically constructed to any desired degree of approximation, 
it appears to be impossible to construct or even to conceive of 
the construction of a uniform telephone line characterised by dis¬ 
tributed series capacity and a distributed shunt inductance. 
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§ 34. lone Balances. T Sections. 


The problem of obtaining a line balance for a uniform line 
would be solved if we could construct a T section artificial line having 
its characteristic impedance identically equal to that of the uniform 
line; for, if 0 were the propagation constant of the artificial line, 
the sending-end impedance of n sections open- or short-circuited 
at the output would be Z 0 coth n0 or Z 0 tanh 7i0, and by making n 
large enough coth n0 and tanh m0 could be made ito approximate 
to unity to any required degree. 

It happens that simple T sections satisfying these requirements 
can be easily found. 

Consider first the case when S == 0. In order that a T section 
shall have exactly the same characteristic impedance as the uniform 


line it is necessary to put ^\J ~ ^ orm >s/(A 2 + 2AB), 
with the condition that A and B can be physically realised. 


-ww- 


n 

-AVWW- 


Jj 5 


7*1 

-VSAAAAAA- 


“'WSAAA^W" 


T r 


K 


r 2 r 2 


Fig. 90. 


Fig. 91. 


Now 


R + jo)L _ L/^ + R ^ 


juoQ 


cC 1 ' jcoL) 


which is of the form A 2 + 2AB, where 

/L 


~ (Vc ) + 2 Vc ' 2;WLG 

2AB, t 

-V! 


A 

B 


f C 9 
R 


But has the dimensions of a resistance and has 


2/ws/LC 

the dimensions of a capacity. 

Hence the simple T section of Fig. 90, where 

84 



UNIFORM TELEPHONE OR TRANSMISSION LINE § 34 


and 



K = 


2 VEC 

R 


satisfies the requirements and can be used as a line balance for 
a leakless uniform line. The error involved in using no, sections 
can be determined by calculating tanh viO or coth 716 . 

When S 4= 0, there are two cases according as RC > or <! LS 
as illustrated in Figs. 91 and 92: 


Case I. RC > LS (Fig. 91). 

•Wc- 

r » - KVoXra - ')■ 


K = 2 C 


x/LC 
RC - LS 


n 

—VsAA/W- 


T r 


Fig. 92. 

Case II. RC < LS (Fig. 92). 

r ' - Vs • 

r* - KVsXeS - 1 )- 
* - XV®X^- C > 


As an example take the case of a 200 lb. copper air line having 
the following constants per mile : 

R = 8 8 ohms. 

S = 10 — 6 mho. 

C - 8*6 x 10 — 3 ^F. 

L = 3*66 x 10 ~ 3 henry. 

A line balance can be constructed of T sections such as Fig. 91, 
where 
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r x = 652 ohms. 
r 2 = 6420 ohms. 

K = 1*34 /IF. 

Tanh nd for this artificial line has been calculated for n — 1, 2, 3, 
and 6, and for co — 2000 and co — 12,000, corresponding approxi¬ 
mately to frequencies of 300 and 2000 cycles per second. The 
results are shown in the following table and indicate how soon 
a high degree of approximation can be obtained: 



to = 2000 
(300«—-» approx.). 

« = 12,000. 

(2000 <—•-» approx.). 

tanh 0 

1-06 /5° 24' 

1*0045 \3' 

tanh. 20 

1*0034 XI9 7 

0*99913 \0*86" 

tanh SO 

0-9996 \5" 

Very nearly unity 

tanh 60 

0-999999 \0-004" 

»» »» 


§ 35. Line Balances. IT Sections. 

In a manner very similar to that used for the T section line 
balances, a series of U sections can be obtained. Here it is 

necessary to express J (g ^ o ) in the form V(A*V2AB) ’ 

with the condition that A and B can be physically realised. 

There are three cases which are shown in Figs. 93, 94 and 95. 


Tz 



r, 

VWs/vW"- 


w 

-nnnnnrinr- 


/f 


Fig. 93. 


Case I. S = 0 (Fig. 93). 
O /L 

n = 2 V c ’ 
r 2 = Vc ’ 

jr _ x/(LC) 
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Case II. RC > LS, S * 0 (Fig. 94). 



^ CR — LS /S 
2 SR * \ R * 

Case HI. RC < LS (Fig. 95). 



SL^CLC) 
Xji “ LS — CR 



Fig. 94. Fig. 95. 


It will be found that Fig. 93 may be obtained from Fig. 90 by 
the method § 27 and so the two sections are exactly equivalent. 

The T and II sections of Figs. 91 and 94, however, are not 
equivalent for, though they have the same characteristic imped¬ 
ances, their propagation constants are different. Thus by the 
method of § 27 we can derive an additional II section line balance 
from Fig. 91 and an additional T section from Fig. 94 : similarly 
with Figs. 92 and 95. 

§ 36. Line Balances. Bridge Sections. 

Of these a very large number can be obtained by applying the 
results of Chapter IV. to any of the artificial lines obtained in 
§§ 34, 35. 

Another series can be obtained from the artificial telephone 
line described in § 33, for if approximations to this are made in 
which Z 0 coth Pl/2 and Z 0 tanli PL/2 are of reciprocal types and 
are both built out to the same degree of approximation, the 
characteristic impedance will be Z 0 . 
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The simplest case of this series of artificial lines is the simple 
bridge section of Fig. 96, where 

A — sc(R 4- /a>L) 

K _ 1 1 

x ' (S 4- jcoG') 

and x is any positive numerical quantity. 



Fig. 96. 

§ 37. Line Balances. Three-Element Artificial Lines, 

Line balances can be obtained by using simple cases of the 
three-element artificial line described in Chapter II.,»§ 18. 
Examples are shown in Fig. 97 ( a ) and (6). 


T, T r 




Fig. 97. 

If, in Fig. 97 (a) r, K, and L x are given,the,values 

xr _ 2^/CL 

~ R ’ 

T 2^/CL 
Ll * 
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it is found on inserting these values in 18.2 that 



The special case, where D = 4B, of Chapter II., § 18, leads to 
a general class of line balances if A and B are chosen so that 


2 AB = 


R + jcoTi 

S + jcoC * 


Two simple cases are shown in Fig. 98 (a) and ( b ). 



Fig. 98. 


These three-element 
impedance equal to 


artificial lines 

V R + jcol_j 
S 4* jcoC ’ 


have 


a 


characteristic 


provided that A, B, and D are given the values in Fig. 98(a) : 

A - |(R + jw L). 

X, _ 1 1 

SB ‘ S + jtoC ’ 

D = 4B, 
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and in Fig. 98(Z>) : 

\ x 1 
^ ~ 2 * S + jco C ’ 

^ + y^L), 

D - 4B, 

where x is any numerical quantity. 

The first of this pair may be compared with the simple artificial 
telephone line of § 32. It may be used as an artificial telephone 
line and is an improvement as the characteristic impedance can be 
made exactly equal to that of the uniform line. 

It will also be found quite easy to devise a special case of the 
three-element artificial line of Fig. 42, § 18. 

In the same way, four-element artificial lines can be obtained. 
Indeed, there appears to be no limit to the number of artificial 
lines that can be constructed to have the same characteristic 
impedance as a uniform line. 

§ 38. Impedance Corrective Networks. 

Consider first a uniform line having S = 0. We have seen 
from § 34 that the sending-end impedance of the infinite uniform 
line is equal to the sending-end impedance of the infinite T section 
artificial line of Fig. 99, 


7? 7-* 7 * T * 7 * 7 * 



Tins infinite network can be redrawn as in Fig. 100, where Y 
is an infinite artificial line composed of IT sections, of which one 
is shown in Fig. 101. 
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On referring back to Ex. 6 of Chapter IIL it will be seen that 
if the network (Fig. 102) consisting of nr, K r*/2 and r 2 /Y in series 
is connected in parallel with the network of Fig. 100, the im¬ 
pedance of the combination is a pure resistance r. 

On reciprocating Y with respect to r and adding the series 



Fra. 100. Fig. 101. 


resistance r and inductance Kr 2 /2, the network of Fig. 102 becomes 
the infinite network of Fig. 103, having the property that when 
connected in parallel with the infinite uniform line it reduces the 



Fig. 102. Fig. 103. 


In a similar way, if S 4= 0 corrective networks can be obtained 
by applying the same methods to the artificial lines of Figs. 91 
and 92. 

From the corresponding II sections of Figs. 93, 94 and 95 other 
corrective networks can be obtained in the same way or by using 
the result of Example 5, Chapter III. 
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§ 39. A Complete Distortion Correcting Artificial Line. 

The question of attenuation and phase equalisation as such does 
not come within the scope of this book, but in this section we shall 
deal with a remarkable artificial line which has the property of 
equalising both attenuation and phase angle in a uniform line. 

Already in § 33 we have dealt with an artificial line requiring 
a single infinity of simple impedance elements for its exact con¬ 
struction; the artificial line to be described requires, however, a 
double infinity of impedance elements. It is not suggested that it 
is a practical method but it is given rather as an example of the 
possibilities of artificial lines. 

Distortion in telephonic transmission occurs owing to two causes : 
waves of different frequencies are in general attenuated in different 
degrees in passing along a telephone line ; in addition their relative 
phase relations change. The only exception is the Heaviside 
Distortionless Line in which R, L, C and S, the resistance, induct¬ 
ance, capacity, and leakage respectively per unit length, are such 
that 

RC - LS. 

The question of attenuation and phase correction is of consider¬ 
able importance; the ideal is to have both attenuation and phase 
shift independent of frequency. 

Take the case of the uniform line without leakage : its propa¬ 
gation constant is a -f j/3 , where 


CL + = x/( R + j<dLl)jOoC f 

a — ^/iCco{x/R 2 + &> 2 L 2 — Lg>}, 


/3 — x/^Cco{>v/R 2 H- a> 2 L 2 Hh Lg>}. 
a can be written as 


CR 

x/LC 


/iO)> 


and as co n/LC - / 2 ( co), 

where f x (co) and / 2 (c*>) are functions of frequency. 

The condition that a symmetrical transmission system shall be 
distortionless is that the propagation constant shall be of the 
form X 4- jcoY, where X and Y are independent of frequency. 

Thus if an artificial line could be constructed having the same 

characteristic impedance Z 0 = as the uniform line and 
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having a propagation constant + jf 2 (w)} and if this artificial 

line -were inserted in a length l of the uniform line, the combination 
■would have a characteristic impedance Z 0 and a combined propaga- 
tion constant 

and therefore it would propagate either a current or voltage wave 
without distortion if terminated by Z 0 . 

Putting '/lO) + jf 2 O) = ir, 

a network such as Fig. 104 would constitute the required artificial 
line. 



It therefore remains to be seen whether the impedances 
Z 0 tanh n/rZ/2 and Z 0 coth ^Z/2 
can be put into physically realisable form. 

It has already been shown in § 33 that, provided Z Q sfr and 
can be put into physical form, then both Z 0 coth yjrl/2 and 
Z 0 tanhi/r£/2 can be realised physically in a number of ways, each 
of which employs a single infinity of numerical multiples of Z 0 -yjr 
and Z 0 /i/r. The problem therefore reduces to determining whether 
Z 0 yfr and Z 0 /y}r can be physically realised. 

Now 

, CR . _ _ 

Ve)- 
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But from § 34 it follows that 

/R -f- jco L / L 

~ Vc 


is the impedance of the infinite network shown in Fig. 105, where 



Fig. 105. 


Multiplying all the impedances of this network by 

^g.CB+y«L) 

we have Z^x/r as the impedance of the infinite network shown in 
Fig. 106. 


ZR ZL 



Fig. 106. 


In a similar way Z 0 /^ is the impedance of the network shown 
in Fig. 107. 

Thus both the impedances 

Z 0 coth -x/rZ/2 and Z 0 tanh tylf 2 

can be physically realised. A double infinity of impedance 
elements, however, is required, but all the infinite networks are 
convergent and approximations can be made. 
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We have dealt only with the case in which S = 0, but if S =f= 0 
corresponding networks can be devised in the same way. 

The auxiliary network may be looked upon as a wave form 
converter, for suppose to produce a voltage form F(2) at the far end 
of the uniform line it is necessary to apply a voltage form F'(£) at 
the sending end, then the auxiliary network, if placed at the be¬ 
ginning of the uniform line, may be regarded as converting a given 
voltage form F(£) into the required form, F'(£). 


Zt-ZCR 2L /cr 


Tf . —VWW- 

-VWW- 

-VA/W-1 

-VWM— 


- 

-2C ~ 

-2C - 

= - 

- 


Fi«. 107. 


E XAMP LES AND NOTES. 

1. The 'wireless aerial is often treated theoretically as a length of uniform 
transmission line open-circuited at the far end ; its impedance is therefore 

Z 0 coth PZ. 

Assuming that this treatment is justified then by means of the methods 
of § 33, three different infinite networks that are equivalent to the aerial 
can be obtained. 

They are the reciprocals of Figs. 86, 88 and 89 with respect to Z 0 , Z/2 of course 
having to be replaced by l throughout. 

2. Show that for the line balance section shown in Fig. 98(a) 

/ P 2 a; 2 \ 

6 = -1- - 2 J approx. 
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THE COIL LOADED TELEPHONE CABLE. 

§ 40. The Series Coil Loaded Cable. 

The coil loaded cable consists of a uniform cable into which, at 
intervals of the order of one mile, series inductance coils are inserted. 
The suggestion of inserting such coils was made by Heaviside as a 
result of his classical work on telephonic transmission. 

The subject of telephone loading as such does not come within 
the range of this book, but the determination of the constants of a 
loaded cable affords an excellent example of the use of artificial 
line theory. 



1 (b) Mid - Coif Sec tion 
Fiq. 108 . 


In order to facilitate the calculations it is necessary to consider 
the line as being composed of symmetrical sections. This can be 
done in two ways—the line can be considered as divided into sec¬ 
tions by cuts either through the mid-points of consecutive lengths 
of cable, as in Fig. 108 (a), or through the mid-points of the loading 
coils as in Fig. 108 ( b ). 

Either of these sections falls within our definition of an artificial 
line and can be treated in the usual way. 

First consider the mid-cable section. Let R, L, S and C be the 

96 



THE COIL LOADED TELEPHONE CABLE § 40 

constants per unit length of the cable itself, and let Z 0 and P be its 
characteristic impedance and propagation constant per unit length 
so that 

- V(lr£c)’ 

P = 4- /<*>L)(S 4- 

Let l be the length of cable between loading coils, and let X be the 
added series impedance. Hence a mid-cable section consists of two 
lengths lj 2 of cable with the series impedance X inserted between 
them. Each length of cable can be replaced by its equivalent T ; 
further the section can be bisected, and a half-section, as shown in 
Fig. 109, obtained. 



Fig. 109. 


Fig. 110. 


Let Z 0 ' and 0' be the constants of a single mid-cable section. 
Then Z 0 ' tanh 0'/2 is the impedance of the network of Fig. 109 
short-circuited at the output, and either by working out this 
ladder network or by using ordinary telephone line transmission 
theory we have 


Z 0 ' tanh 0'/2 


= z ( 


(Xeosh 5)/2 + 


■z .• i P* 

jlaq bin hi ^ 


JrC / 

Z 0 cosh 4- (X sinh 9 j 


?l\ ’ 2 


40.1 


Z 0 ' coth 0'/2 is the impedance of the network of Fig. 109 open- 
circuited at the output; it is therefore the impedance of a length 
lj 2 of the uniform line open-circuited at the far end. 

Thus 


Z 0 ' coth 0'12 - Z 0 coth Tl/2 . 
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and therefore 


Z 0 ' - Z 0 


V 


Pi ( x coah If) / 2 + z o sinh ^ 

coth " 2 " ^ rpi 7Z ttpkjz 

Z„ cosh + IX smh -g-1 / 2 


= Z„ 


X ,, PI 
Z 0 + -gCoth-g- 


X' 


Z 0 + ^ tanh 


P£ ‘ 


40.3 


6']2 can be obtained from 40.1 and 40.2; by a little manipula¬ 
tion it can be shown that 

X 

cosh 6' = cosh PI + - sinh P l. . . 40.4 

o 

. Turning now to the mid-coil or rather mid-load termination, we 
obtain a half-section as shown in Fig. 110. 

If Z 0 " and are the constants of the section, we have “ 

Zq coth 0 /2 = X/2 + Z 0 coth PZ/2, . . 40.5 

Z 0 " tanh <972 - X/2 + Z 0 tanh PZ/2, . .40.6 

whence 

- x/{(Z 0 + iX coth P£/2)(Z 0 + iX tanh Pi/2)} . 40.7 

It can readily be shown that and is therefore given bv 

40.4. 

If the loading coils have a resistance r and an inductance H, it 
is only necessary to replace X by nr 4 - jco H. 

The formulae then become 


Z Q ' (mid-cable) = Z 0 ^/^L 

cosh 0' = cosh P l 
Z 0 " (mid-coil) = 


4* j(r 4- JcoH) coth PI/2 
+ + jcoPF) tanh Pi/2 

h jto H 


4- 


2Z 0 


sinh PI. 


x/{Z 0 + + /o>H) coth P£/2}{Z 0 + |(r + y®H)tanh PZ/2} 

coshd" = cosh#'. 


It is interesting to compare this treatment with the original 
derivation of these formulas from first principles by G. A. Campbell 
(Phil. Mag., 1903, June) to see the great saving of labour due to 
the use of artificial line theory. 
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§ 41. The Shunt Loaded Cable. 

Shunt loading- has been suggested but does not appear to have 
been used in practice ; nevertheless the necessary formulae can be 
readily obtained. 

Let there be a shunt load Y connected across the uniform line 
at distances l apart. As before we shall have two terminations, 
mid-load and mid-cable. The mid-cable section can be bisected, 
a half-section being shown in Fig. 111. 



Fig. 111. Fig. 112. 


If Zq and #' are the mid-cable constants, 

Z 0 ' tanh #'/2 = Z 0 tanh VI ]2 

and 

rr , ,, n no ry 2Y cosh Pl/2 + Z 0 sinh PI/2 

Z 0 eotn & /- - ■^‘ 02 o cosh P£/2 + 2YsinhPZ/2 ' 

r, , ^ //2Y + Z 0 tanh Pl/2\ 

• • A> - yj ^2Y + Z„ coth P 1/2 J’ 

while 6' can be shown to be given by 

cosh#' = cosh P l 4- Z 0 /2Y sinh VI] 2. 


41.1 


41.2 


For the mid-load case a half-section is shown in Fig. 112. 

If Z 0 " and 6" are the constants, we see that Z 0 " tanh 6"j 2 is the 
impedance of 2Y and Z 0 tanh Vl/2 connected in parallel, while 
Z 0 " coth 6"] 2 is the impedance of 2Y and Z 0 coth Pl/2 in parallel. 


Thus 


Z 0 " tanh #"/2 


2YZ 0 tanh VIj2 
= 2Y 4 - Z 0 tanh Vl/2 


Z” coth #72 


2YZ 0 coth Vl/2 
2Y 4- Z 0 coth VI]2 * 

99 


and 






§ 41 
Hence 


ARTIFICIAL LINES AND FILTERS 


- 


(Y + iZ 0 tanh PZ/2)(Y + %Z 0 coth. PZ/2)J 


EXAMPLES. 

Series Loaded Cable. 

1. Show that 

Z 0 _ Z 0 " 

sinh PZ siiih 0" 

X/2 + Z 0 tanh PZ/2 = Z 0 " tanh Q"/2 

Z 0 " coth 6" = X/2 + Z 0 coth PZ. 

2. Putting (T, re) for \Z(Z 0 + -j-X tanh Pa;) and (C, x ) for 

V(Z 0 + ^X coth Pa;), 

show that the impedance of an infinite loaded cable measured at a length 
V in the cable from the first load impedance (Z being the distance between 
loads) is 

(C, Z/2)(T, 1/2) + (C, iy tanh PZ' 

0 (C, Z/2)(T, 1/2) tanh PZ' + (T, l')* 9 

and by putting V — If2, obtain the formula for Z Q '. 

3. With the same notation as Example 2, 

(C, 1/2) 

0 ~~ " (T, 1/2 ) ’ 

Z„" = (T, Z/2)(C, Z/2). 

4. If X/2Z 0 = tanh y, 

Z„' = Z 0 tanh (Pi/2 + y) coth P 1/2. 
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§ 43. Filters in General. 

We shall define a filter as an artificial line of one or more sections 
composed entirely of pure reactances, i.e. of loss-free self and 
mutual inductances and condensers. Such a filter is, of course, not 
realisable in practice, for there must be losses in both inductances 
and condensers. The assumption of freedom from loss, however, 
simplifies the treatment enormously and is, in general, a good 
approximation to the truth. 

Consider any filter section; if Z 0 and 6 are its constants, then 
at any one frequency Z 0 tanh 6 , the impedance of a single section 
short-circuited at the output must be imaginary since it is the im¬ 
pedance of a network composed entirely of reactances. 

Similarly Z 0 coth 0 is wholly imaginary. 

Consider first the value of Z 0 2 ; it is the product of two entirely 
imaginary quantities, viz. Z 0 tanh 6 and Z 0 coth 6 , and is therefore 
real at all frequencies. Two cases, however, arise; for some 
ranges of frequency it may be positive, for others negative. Thus 
Z 0 for some frequencies may be real, and for others imaginary. 

Turn now to the consideration of 6 , the propagation constant 
per section. We have seen that in the case of the filter section 
Z 0 tanh 0 is imaginary : hence for frequencies at which Z 0 is real 
tanh 6 must be imaginary. 

Now 0 = cl 4 - 

and tanh 0 = tanh O + J/3) 

__ sinh 2 cl + j sin 2/3 
~ cosh 2a -h cos 2/3 

In order that tanh 0 may be wholly imaginary sinh 2a must 
vanish, i.e. we must have a = 0. 

Thus for frequencies at which Z 0 is real the attenuation constant 
is zero ; at such frequencies in an infinite filter line or in a filter 
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consisting of a finite number of sections terminated by a resistance 
equal to Z 0 , tbe current and voltage across the terminals of any 
section and across the terminal load are the same in amplitude as 
at the input terminals ; the phases, however, will differ by the 
angle /3 per section. 

Again, in the case where Z 0 is imaginary, tanh0 must be 
wholly real. This obtains only if sin 2/3 vanishes and a is not 
zero. 

We must therefore have /3 = m 7 r/ 2 , where m is any integer. 
But it is possible to go further—in most of the filters we shall deal 
with Z o tanh0/2 and Z o coth0/2 are physical pure reactive net¬ 
works ; if we took an odd value of m then tanh.0/2 would be of 
the form tanh (a/2 + jrmr/fy and on expanding this it will be partly 
real and partly imaginary and thus Z 0 tanh 0/2 would not be 
entirely imaginary. Thus we must reject odd multiples of tt/ 2, 
and therefore when Z 0 is imaginary /3 must be of the form tmt 
where m is any integer. 

The cases where Z 0 tanh 0/2 and Z o coth0/2 are physically 
realisable networks are the Bridge Section and any section to which 
the Bisection theorem applies, but it has been shown by Cauer 
(“Preuss. Akad. Wiss. Berlin,” Ber. 33, 1927) that for any filter 
section Z 0 tanh 0/2 and Z o coth0/2, even if not physically realis¬ 
able, must have the properties of a purely reactive network and 
thus be purely imaginary. 

Thus for any filter section when Z 0 2 is negative /3 must be of 
the form m7r, where m is any integer. 

Recapitulating there are two cases as below:— 

(Z 0 2 is positive, 

Case I. A a is zero, 

1/3 is finite. 


Case II. 


fZ 0 2 is negative, 

A a is finite, 

bS is mrr > where m, is an integer. 


A frequency for which the first conditions hold is called a trans¬ 
mitting or non-attenuating frequency of the filter—a frequency for 
which the second conditions hold, an attenuating frequency, 

It will be seen from previous chapters that filters of innumer¬ 
able types and of endless complexity can be constructed. The 
remainder of this chapter will be devoted to describing some of the 
simpler types, together with the general transmission properties of 
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filters. For the more specialised design o£ complicated types of 
filter for particular technical purposes, the papers by Zobel in the 
“ Bell System Technical Journal/’ Vol. II., 1923, may be consulted; 
also “ Les Filtres I^lectriques,” by P. David (Paris: Gauthier- 
Villars, 1926). 

§ 43. Simple T Section Low-pass Filter. 

Consider the simple filter section of Fig. 113. 


Tj 


+rm- 


i 


w 


3 


T 2 


Fig. 113. 


Its characteristic impedance is given by 

Z 0 * = 0'®L) 2 + 2/«.L 
- - « 2 L 2 + 2 ~ 

= ^(2 - &> 2 LC).43.1 

For values of co less than 

• ' ■ ' * 32 

Z 0 2 is positive ; if &> > co 0 , Z 0 2 is negative. 

Thus the attenuation constant is zero for all values of co lying 
between co = 0 and co = co 0 ; this range we shall term a trans¬ 
mitting or non-attenuating frequency band . 

Similarly the range of co from co — co. } to co — sc is an 
attenuating frequency band. 

We can determine the values of a and j3 by considering 
Z 0 tanh <9, cosh 6 or Z 0 tanh 9/2. 

First take the simple formula 

cosh 9 = 1 -f- A/B 

= 1 - *> 2 LC 

= 1 - 2--, .... 43.3 
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For the transmitting band co = 0 to co = co 0 we have a = 0 
6 ^ j ft, so that equation 43.3 becomes 

cosh i/3 = 1 - 2^~, 

COq 

i.e. cos ft = 1 — . . . . 43 4 

For small values of ft 

cos 5 = 1 - /3 2 /2, 

and thus comparing with 43.4 we see that for co/co 0 small 

ft = 2— approximate^. . . .43.5 

Ct>0 



The curve plotted in Fig. 114 shows the change in ft through¬ 
out the non-attenuating range of the low-pass T section filter. 

In the attenuating band either 

cosh a = 1 — 2°^ , 

c»o 

or cosh (a 4- jnrf) = 1 — 2^° ^ > 

according as ft = 0 or 7r. But since <*> > <o 0 the right side must 
be negative and less than — 1; moreover, cosh a is essentially 
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positive, hence we must take J3 as 7r, in which case 

^2 

cosh 0 = cosh (a -h j'lf) — 1 — 2-J 

<*>(f 

i.e. cosh a = 2-^-s — 1, . . . 43.6 

ay 0 

since cosh (a + jir) = — cosh 

Values of a for various values of co/a> 0 are shown in Fig. 115. 



§ 44. Simple T Section High-pass Filter. 

The simple T high-pass filter is shown in Fig. 116. 



Fig. 116 . 


The characteristic impedance is given by 

jccC ■ 


( 1 ' 

o 

- 

\jcoC, 

+ 2 

2L 

1 

C 

a>“C 2 

2L/ 


cV 

2 co 

SO 

_ 


joyLi 


d) 
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where 


COq 


1 

x/2LC * 

Thus, for frequencies given by 0 ^ w 
that this range is an attenuating band, 
a transmitting band, since Z 0 2 is positive. 
Determination of a and /3 :— 
cosh 0 = 


. 44.2 

^ co 0 , Z 0 2 is negative, so 
The range for co > eo 0 is 


1 + A/B 
1 

jcoC 

1 


- 1 + 


Ijcolu 


= 1 - 


= 1 - 2 - 


*> 2 LC 

2 



For the non-attenuating band, where co > co 0 , 
coshy >6 = 1 — 2—, 

i.e. cos /3 = 1 - 2^- - 

CtJ 

For high values of &>, such that tu 0 /co is small, 
/3 = ± approximately. 
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The curve given in Fig. 117 shows the values of ft over the 
complete frequency range The determination of ft from a cosine 
formula leaves an ambiguity of sign, but this can be removed by 
taking into consideration the fact that jZ 0 tan ft/2 is ~ j/Oco and 
so ft must be negative. 

In the attenuating band, 

cosh (<z — jnr) = 1 - 2^|-, 

2 

La cosh a = 2--§- - 1. 

Values of a for various values of co/&> 0 are plotted in Fig. 118. 



§ 45. General Transmission Formulae for a Filter—Transmitting 
Band. 

The transmission formulae of a filter, for frequencies within 
a transmitting band, are the general equations of the artificial line 
modified by putting a — 0 ; thus 

cosh nO ~ cosh jnft = cos rift, 
sinh nO — sinh jnft = j sin nft. 

The sending-end impedance of an n section filter terminated 
by an impedance 0 is 

^ ^ cos nft 4- jZp si nnft 
°Z 0 cos nft +- jz sin nft ’ 
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§ 46 ARTIFICIAL LINES AND FILTERS 

while the receiving-end impedance is 

y n = jZ 0 sin n/3 4- ^ cos nj3 . 

where it is known also that Z 0 is real. 

Thus the complex hyperbolic functions disappear, to be replaced 
by simple circular functions. 

We see at once that if # = Z 0 , then z n is equal to Z 0 , while 
y n = Z 0 (cos n/3 + j sin n/3) ; 

that is, the input and output currents are equal in magnitude but 
differ in phase. The same remark applies to the input and output 
voltages. 

§ 46. General Transmission Formulae for a Filter—Attenuating 
Band. 

The general artificial line formulae have to be modified by 
putting 

6 — CL 

or 6 — a ± jrr. 

If 0 — a we have 

cosh nO = cosh 'net, 
sinh nO — sinh net, 

while if 0 — a ± jir we have 

cosh nO = cosh (net ± jnir) 

= ( — l) n cosh Tia, 
sinh 7i0 = sinh (na ± jnn) 

= ( — 1)» sinh na. 

Hence 

^ = Z - CQS ^ + Zq sinh na 

~' n 0 * Z 0 cosh na + # sinh na 

and y n « ± (Z 0 sinh na + z cosh no), 

the minus sign being taken when /3 = tt and n is odd. Z 0 is, of 
course, imaginary. 

We can at once verify the attenuation by putting 0 = Z 0 , in 
which case 

y n = ± Z 0 (cosh na + sinh na) 

= ± Z 0 e na . 

Hence, if z = Z 0 the output current is equal to the input current 
diminished by e n \ If the attenuation is considerable cosh na and 
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sinh net "both approximate to ie n % so that corresponding- to 46.1 and 
46.2 we have approximately 


&n — -Zo 

y 7l = ± ie na (Z 0 + £) 


46.3 


§ 47. Filters having Two Transmitting Rands. 


Consider a T section filter of which a half section is shown in 
Fig. 119 (a) and the complete section in Fig. 119 (6). 



Fig. 119. 


We have 


Z 0 tanh «9/2 = 

Z„ coth e/2 - JgjLj + * + 

+ ^ 

= ^4r(i - 0,^00 + r r 

jgoGi 1 — w'LaO;. 


Substituting 


c x = &c 2 

Z 0 coth Oj 2 reduces readily to 

1 (<jl) x 2 — &3 2 )(ct) 2 2 — to 2 ) — kcorc&i 

JcoC-L ‘ CO^, 2 - CO 2 ) 

which can be put in the form 

1 — co 3 3 )(co 2 — co 4 2 ) ^ 

joyG ± co 1 2 (co 2 2 — co 2 ) 
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Co/co/ = Co/co/ 
co/ + co/ = co.) 2 4- ct> 1 2 (l + &) 

"3 < 

The characteristic impedance can now be expressed as 

y 2 _ 1 (a>‘ 3 - Co/)(cQ 2 - 6>3 2 )Q> 2 ~ ft>4 2 ) 

° C0 2 C/ * Co/(c 0 2 - Co/) 

Consider the relations among co 15 co 2 , co 3 and co 4 ; since co 3 eo 4 — oqcog, 
to $ and ct) 4 must lie either both inside or both outside the range 
to x ^ co ^ oo 2 : but further, 

(co 3 ~ a> 4 ) 2 = co/ 4* co/ — 2go 3 co 4 

= &) 2 2 + C02 2 (l 4* k) — 20)^00 
— (cOo — CO^ 2 4* Tcco/, 

hence to 3 — &> 4 > co 2 — co l3 and therefore co 3 and co 4 must lie outside 
the range co x ^ co ^ co 2 - 
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Fig. 120. 


There are two cases to be considered, viz. co 1 < co 2 and co JL > co 2 . 
These are shown graphically in Fig. 120. 

Taking the first case, suppose <o lies between 0 and co 3 ; then 
(co 2 — co/), (co 2 - co /), (co 2 — co 3 2 ), (co 2 — co 4 2 ) will each be negative ; 
hence Z 0 2 is negative and therefore 0 to co 3 is an attenuating band. 
If co lies between a> 3 and co lf (co 2 — co i 2 ), (co 2 - co./), (co 2 — co/) will 
each be negative, but (a> 2 — co 3 2 ) will be positive ; thus Z/ is posi¬ 
tive and therefore from g> 3 to co 2 is a transmitting band. 

Similarly, co 2 to co. 2 and co 4 to oo are attenuating bands, and 
co 2 to co 4 is a transmitting band. 

For the second case, co x >- ro a , the results are shown in Fig. 120(6). 

This filter has therefore two distinct passing bands. In practice 
a single passing band is usually required ; this can be obtained from 
the above in various ways. 
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First, put L t = O, then coj 2 = oo , so that aq must be greater 
than co 2 and. we are dealing with the case shown in Fig. 120(6). 
One band has been displaced to infinity and we are left with 
a single band filter passing from eo s to co 2 . To find co 3 let become 
very small; then and o> x become so large that co s and co 2 can be 
neglected in the second equation of 47.4. 

Hence ultimately, as -> oo , 



(i + *). 


Substituting this in the first equation of 47.4, 


ft> 3 


Hence 


*2 

a>9 


J 1 


h 

1 


*s /1 4- k 4- C 2 ) 

The filter now passes all frequencies in the range 

1 ^ ^ 1 


47.6 


+ c 2 )' 


x/L 2 C 2 


and attenuates all other frequencies. 

Suppose now, in addition to making L x = 0, we put C 2 = 0, 
then ct> 3 becomes 1 l /K /~L 2 G 1 and co 2 — co and we have returned to 
the simple high-pass filter of § 44. 

A single band filter can be obtained in another way, viz. by 
making the two bands join into one by putting co 2 — co l7 i.e. 
LiCi = L 2 C 2 , then from equations 47.4 


co 3 co 4 = CO ] 2 , 

C0 S 2 Hb CO 2 — Q> 1 2 (2 Hr &), 

(co± “ CO3) 2 = kcO] 1 , 

(a> 4 4- aj 3 ) 2 = a? 1 2 (4 4- k'). 

js/k 4- ,^/(4 ■+* k') 

gi 4 - CO] . ^- 




(4 4- fc) — /sjk 


47.7 

47.8 


The filter now has a single transmission band from co z to co 4 . 

The n section band filter of Fig. 121 can be treated in an 
exactly similar way. 

These double and single band-filters were first described by 
G. A. Campbell in TJ,S. Patents, IN’os. 1,227,118 and 1,227,114. 

Ill 
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§ 48. Filter Terminated by a Resistance. Variable Number of 
Sections—Transmitting Band. 

The sending-end impedance is 

_ 7 T CQS ± i Z o sin aq i 

0 Z 0 cos n/3 + jr sin n@ ’ 

where Z 0 is real and r is the value of the terminating resistance. 



Half section. Full section. 

Fig. 121. 


Suppose that n 3 the number of sections, is varied, or that J3 is 
varied by varying the type of filter section, Z 0 being kept constant. 
We shall consider first how the factor nr cos n/3 -fr* jZ 0 sin n/3 varies 
with n. Suppose that r < Z 0 . 

Taking real and imaginary axes with O as origin, draw a circle 
of radius Z 0 as shown in Fig. 122 ; construct an ellipse, centre O, 



Fig. 12 2 . Fig. 123. 

with major axis 2Z 0 and minor axis 2 r, the major axis lying along the 
imaginary axis. Next draw a line OP x , making an angle n/3 with 
the positive real axis, cutting the circle in P 2 ; draw P X N perpen¬ 
dicular to the imaginary axis, cutting the ellipse in Q x . 

1 
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From a simple property of the ellipse we have 

QxN_ t 

p 2 n “ z 0 * 

Hence Q x is the point 

r cos nft 4 - jZ Q sin nfi. 

Similarly, to obtain Z 0 cos nfi 4 - jr sin n{3 draw a circle, centre 
O and radius Z 0 , as in Fig. 123; draw an ellipse, centre O, axes 
2Z 0 and 2r, the major axis 2Z 0 lying along the real axis. Draw a 
line OP 2 , making an angle n/3 with the positive real axis, cutting 
the circle in P 2 ; draw P 2 M perpendicular to the real axis, cutting 
the ellipse in Q 2 . 

Then Q a is the point 

Z 0 cos ti/3 4 - jr sin ti/3. 

We see at once that both 

| Z 0 cos m/3 4 - jr sin n/3 | 
and | r cos ti/3 4- jZ 0 sin n/3 | 

must lie between Z 0 and r. 

Hence | z n | must lie between 

Z 0 .^ and Z 0 .^, 

z 2 

i.e. | z n | lies between —and r. 


/ r sin n/3 \ 
\Z 0 cos n{3/ 5 


whence 


sin 2 n/3. 


Next consider the angle of z tl ; let it be yfr. Then 

ir- tan - >( %- * **§) - tan - ; 

Y \r cos n/3 J \Z 0 cos nf3J 

whence tan ^ ^ ^ —— sin 2 n/3. - . 48.2 

Hence -dr must lie between 

and is zero if 7* = Z 0 . 

The receiving-end impedance 

y a — r cos nf3 4- jZ 0 sin n/3 . . .48.3 

does not require much notice, for an examination of Fig. 122 shows 
that Q x represents the receiving-end impedance, and therefore y n 
traverses an ellipse as n is varied: 1 y )lh | lies between Z 0 and r. 

11S 8 



ARTIFICIAL LINES AND FILTERS 


§ 49 


The ratio of the receiving-end voltage to the sending-end 
voltage is 

V, _ T _ 

V 0 r cos mj3 4- jZ 0 sin nj3 ' * ‘ 48,4 

and therefore 


Vn 


lies between 1 and 


§ 49. Filter Terminated by a Resistance. Variation of V n /V 0 and z n 
with Frequency and Number of Sections—Transmitting Band. 

Consider a simple II section filter in which A is an inductance 
L and B a capacity C. The characteristic impedance is given by 

LI 
2C ‘ 1 - « 2 /W ’ 

2 

LC * 


where 


Z 0 2 


60 o 


Ohms 



We see that Z 0 2 is positive if < co 0 and is negative if co > eo 0 . 
Hence the range from co — 0 to co — co 0 is a transmitting band, and 
the range from eu = co 0 to co = oo is an attenuating band. 

We shall now examine the action of such a filter in the trans¬ 
mitting band. As a concrete example let us find the values of L 
and C such that 

co 0 = 1000 rad./see. 

Z 0 = 1000 ohms when co = 0 
and let the terminating resistance be 1500 ohms. 
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Then L and C are given by 
10 G = 

and 10 6 = 

whence L = 

C = 

In Fig. 124 are plotted Z 0 and /3 for values of co up to the cut 
off o, 0 = 1000. 

J'6 
1-4 
i-2 
h0 
\Sk\0-8 

m 

0-6 
0-4 
0-2 

0 ZOO 400 600 oj 800 7000 

Fig. 125. 

If V 0 is the input voltage and V n the voltage across the ter¬ 
minating resistance, then, as we have seen in the previous section, 

I Y.„/V 0 | must lie between 1 and r/Z 0 . Hence if we draw the unity 
line and the curve of r/Z 0 against o>, as in Fig. 125, | V w /Y 0 | must 
lie in the area, shown shaded, between these limits. 

We now see that for values of ay up to &> = 745, Y n cannot be 
less than Y 0 ; while for co > 745, Y n cannot be greater than Y 0 . 

From 48.4 Y 71 /Y 0 will have the value ± 1 for co = 0, for then 
j3 = 0, and for every value of o> for which sin n/3 = 0, i.e. when¬ 
ever n/3 is equal to mir where m is any integer. Similarly for 
every value of co corresponding cos n/3 — 0, i.e. whenever n$ is of 
the form 7r/2 4- tyitt, where is any integer, V n /V 0 will be equal 
± r/j z o- 
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"When /3 = 180° and co = co 0 we have to consider the equation 
more closely: v cos nfi becomes (— l) w r but Z 0 sin m/3 takes the 
form oo x 0 and it is necessary to determine the limit. 

We have 

cos /3 = 1 — w 2 LC 


- 1-21 


*>o 


which can be written 


co 2 /co 0 2 ), 


or 


- cos/3 - 1 - 2(1 
cos ( 7 T - /3) = 1 - 2(1 - a> 2 /a> 0 2 ) 



As co approaches co 0 , (7 r — /3) diminishes and (1 — <*> 2 yW) becomes 
small; but when ( 7 r — /3) is small 

cos (tt — /3) — 1 — veiy approximately. 

Thus as approaches <w 0 , ( 7 r — /3) tends to the value 2^(1 — cor/co 2 ). 
Hence when (* 7 r — >3) is small 

sin nj3 == ( — 1)» — 1 271^(1 - co 2 /co 0 2 ), approx. 


Z 0 


V 


l; 1 

2C 1 — co 2 Jcod 2 


n a 


Since 
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Z 0 sin nn/3 will approach, the value 

1 


( 1 ' )n 1 V2C • 


V(i - «7«o 2 ) _ 

= (-1 >--*«» Vro* 

Thus for <0 — <i> 0 , on substituting in 48.4, 


Vn 

V 0 


x 2n v /(l — a> 2 /<uo') 


* 2Lw 2 \ 

^ + - 5 -) 



The graph of | V 1 /V 0 | for a single section is shown in Fig. 126 ; 
for this case when 00 = eo 0 , 

Vij _ 1500 _ = S 

V 0 i 1500- + 4^ri0° 5 * 

A much more striking case is shown in Fig. 127 for 7 ?- = 10. 
The sending-end impedance can be treated in the same way, 
its limiting lines being Z 0 2 /r and r, while similar diagrams may be 
made for a reactive termination, though of course the arithmetical 
work is heavier. 

§ 50. Phase Shifting Networks. 

We now consider a class of networks which are rapidly coming 
into prominence in connection with long-distance telephony. 
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The general definition of filters required only that the artificial 
line should be composed of pure reactances. A number of artificial 
line types have been obtained in previous chapters in which the 

characteristic impedance is the 
geometric mean of two inde¬ 
pendent impedances. The 
bridge section (Chapter II., 
§ 16), the bridged T section 
(Chapter II., § 18) and the 
special case of the generalised 
bridged T (Chapter III., § 28) 
are of this type. Suppose now 
we make the two impedances 
pure reactances reciprocal with 
respect to some resistance R; 
then the characteristic impedance will be R at all frequencies. 
Hence, from the argument of § 42, such an artificial line section 
has zero attenuation constant at all frequencies. An artificial line 




composed of a number of such sections will have the property 
that, if terminated by a resistance R, the current through this 
resistance, due to a voltage v applied at the input terminals, will 
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be \vf$&\ in magnitude at all frequencies, but there will be a differ¬ 
ence in phase. 

The simplest phase shifting network that can be devised is the 
bridge section shown in Fig. 128. 

The impedances of the inductance L and the capacity C are 
mutually reciprocal with respect to a resistance of value ^/L/C; 
hence the value of Z 0 is ^/L/C. 

Further we have 

Z 0 tanh 9[2 — /eoL, 
i.e. Z 0 tanhyy9/2 == jcoL, 

or jVL/C . tan yS/2 = /o>L._ 

tan p/2 = cos/JuC. 

In Fig. 129 the value of the phase angle for a number of 
different sections is shown; in each case Z 0 — 1000 ohms, and the 
value of the inductance L is shown on each curve. 



Fig. 130. Fig. 131. 


Another simple type of phase shifting bridge section is shown 
in Fig. 180. 

If R is the characteristic impedance and the reciprocal condition 
holds, then 

L„ = CjR 2 ) l t 

q" _ Li (Chap. III., § 25), i.e. R> = c ; = 

It** / 

The phase angle is obtained from the formula 
R tanhj/3/2 = joi L, + » 

R tan yS}2 — wLj cdG 7 
tan/3/2 = ^(l - 

119 



ARTIFICIAL LINES AND FILTERS 


§ 51 

Thus >3/2 is - tt/2 when co = 0, zero when a> = l/V^iCi, and 
7 r /2 when g) — oo. 

The simplest example of phase shifter derived from the type 
of artificial line described in Chapter III., § 28, is shown in 
Fig. 181. 

The characteristic impedance is 

Z 0 = V2L/C, 



and the phase shift is given by 


tan/3/2 = 


2LC 

2“- <y 2 LC ' 


Curves for samples of this type of phase shifter are shown in 
Fig. 132 (Z 0 - 1000 ohms). 


§ 51. The Constant-Voltage-Constant-Current Properties of Filters 
—Boucherot’s Constant Current Networks. 

A number of simple networks which enable constant amplitude 
current to he taken from a constant potential alternating source 
have been described by Boucherot; they are shown in Fig. 133. 

In each case L and C must be tuned to the supply frequency; 
if this is done for the three networks shown and if a voltage V is 
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applied to the terminals T X T 2 the current through 0 will be equal 
in amplitude to Y\/C/L and will he entirely independent of the 
value of 0 ; the phase of the current through 0 will, however, 
generally depend on the value of 0 . The proof of this property of 
these networks is simple and need not he given. 

It can be shown generally that these networks are the very 
simplest cases of a general property of all filters for some frequencies 
in their non-attenuating bands. 

Let us consider the general formulae for any filter of n sections 
in a non-attenuating band. 

The sending-end impedance is 

y 0 cos tiJ3 + jZ 0 sin nj3 _ 7 

°Z 0 cos n/3 -b jz sin nnj3 ° 



Fig. 133. 


and y n , the receiving-end impedance, is 

y tl s=* jZ 0 sin nj3 + 0 cos n>/3. . . 51.2 

For frequencies such that cos n/3 = 0, n/3 is of the form 
rri'TT ± 7 t/ 2 , and y n becomes 


Hence a voltage V applied to the Input terminals of any filter 
produces, at such frequencies in the non-attenuating range, a 
constant output current V/Z 0 , at an angle ± 7 t/ 2 with the input 
voltage, whatever the value of 0 . 

The input current is V^/Zy ; and therefore if the load is a 
resistance, the input power factor is unity. 

Consider for example a simple low-pass T section as shown in 
Fig. 113, § 43 
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Z 0 - ^(2 - «*LC) 


and cos J3 = 1 — co 2 LC. 

We see that if we consider a single section its phase angle 
will he of the required form nnrr ± 7t/ 2 when 

cos 0 = 0, 
i.e. o> 2 LC = 1, 

1 

" “ x/LC 


where co 0 = 27r x cut-off frequency. 

If the filter consists of two simple low-pass T sections it will 
have the constant current property when 

cos 2 J3 = 0, 

i.e. when ' cos /3 = ± —* 

Thus the values of a> are given by 
1 - oo 2 LC = + -4= • 


— = II ± = -924 or -383. 

\ 2 4 


Similarly, a filter of n such sections will have n constant current 
frequencies. 

In treating the case of the simple low-pass T filter it will be 
seen that we have in fact dealt with the first Boucherot network 
(Fig. 133 (a)); the T section, however, containing an additional 
inductance in series with the load; this added inductance has the 
property of making the input power-factor unity for any resistance 
load. 

In the same way the second network (Fig. 133 (Z>)) can be 
derived from the simple high-pass T. 

It is also possible to obtain both Boucherot networks from the 
corresponding II sections. 

The network of Fig. 133 (c) is the simplest case of a phase 
shifting network with an angle of 90°. 

For any filter the converse property holds. If at such a 
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frequency constant current is forced into the input terminals the 
output voltage is constant and independent of the load impedance 0 . 
For if V 2 is the output voltage and I x the input current, 

V 2 M _Zo?_ . 

I-l y n Z 0 cos nft 4 ■ jz sin n/3 ' 
and if cos n/3 — 0, 

v 2 /r 1 -±yz # . 

Thus suppose there are two filters connected as in Fig. 134, 
and that at a certain frequency both fulfil the constant current con- 



Fcg. 134. 


dition ; let their characteristic impedances at that frequency he Z 0 
and Z 0 ' respectively. 

Then if we apply a voltage V 1 to T A T 2 a current Yj± jZ Q will 
flow into the second filter, and therefore the output voltage across 
# will he given hy 

vjlyzo = ±yz °' 

i-e. y,/Vi = ± Z.7z 0 . 

Hence at this frequency the two filters will act as a perfect 
transformer of ratio Z 0 '/Z 0 . 
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CHAPTER VIII. 


THE HOMOGRAPHIC TRANSFORMATION AND CIRCLE 

DIAGRAMS. 

§ 52. Terminal and other Impedance Circles. General. 

We have seen in Chapter II. that the sending-end impedance of 
any four-terminal network is obtained from the terminal impedance 
by subjecting it to a homographic transformation of the form 

az + b 
1 cz *+• d 

In this chapter we shall consider the geometrical significance of 
the homographic transformation and its bearing on electrical net¬ 
works and artificial lines in general, showing how it accounts for 
the many circle diagrams that occur in circuit theory. 


§ 53. Geometrical Aspect of the Homographic Transformation. 

The transformation, 

az h- o 


z = - — 7 

1 cz + d 


may be put in the form 


be — ad 


z Y — ale = -tw- rrv * 

1 1 c\z + d/c) 

In general, a, b , c , d will be complex quantities, and so, in 
general, will z. 

Let 

be - ad a /0 , 

-^ 


and let O x be the origin of a pair of rectangular axes, viz. a real 
axis and an imaginary axis. Let Pj be the point corresponding to 
Now let the point — d/c be a new origin 0 2 : the new axes are 
shown in Fig. 135 by dotted lines. Referred to the new axes P L is 
the point ^ + d/c . 
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We require to find 

be — ad 
c 2 (z 4 - d/c) * 

Put 04 - d/e = D /'S . Then 

bo — ad _ 
c%z 4- d/e) D /'S 

M 2 X2^/r - S 

D 

With centre 0 2 draw a circle of radius /x, and let P 2 be the 
inverse point of T? x with respect 
to this circle. Draw a line 0 2 Q 
making an angle ^ with the 
positive direction of the real 
axis, and reflect P 2 in the line 
0 2 Q to give the point P 3 . 

Consider what the point P 3 
represents in the complex plane 
with 0 2 as origin. 

The length of 0 2 P 3 is 
0 2 P l3 that is, yu 2 /D, and the 
angle 0 2 P 3 makes with the real 
axis is 

— (S — = 2-^r — S. 



Thus P 3 is the required point 


be — ad 


(z 4 d/c), 


with 0 2 as origin, and is therefore the point 

z ± — afc. 

Now change the origin to O s , a point — a-c referred to the 
axes through 0 2 , and draw a third pair of axes, shown in Fig. 135 
by the heavy lines. 

P 3 is now the required point z v O a being taken as origin. 

Thus given any network we can, for any one frequency, by a 
simple geometrical construction derive the sending-end impedance. 

The procedure is:— 

(1) Draw a pair of rectangular axes with origin O x . 

(2) Draw a second pair of axes parallel to the first pair having 
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an origin 0 2 , where O a is the point — d/e referred to the original 
axes through O a . 

(3) Draw a circle with O a as centre and radius 

be — ad 

& * 

(4) Draw a line 0 2 Q, making an angle with the positive axis of 
reals equal to ^ i.e. half the angle of 

be - ad 
c A 

(5) Draw a third pair of axes parallel to the previous ones 
having an origin 0 3 , where O s is the point — a/c referred to the 
axes through 0 2 . 

Having completed this construction, to find the sending-end 
impedance of the network terminated by an impedance z proceed 
as follows:— 

(1) Plot the point P lf representing with O x as origin. 

(2) Find P 2 , the inverse point of P x with respect to the circle, 
with centre 0 2 . 

(3) Reflect the point P 2 in the line O a Q, obtaining the point P 3 . 

(4) The point P 3 referred to the axes through 0 3 is the required 
sending-end impedance. 

The process may appear complicated, but when once mastered 
can be carried out on a drawing board very quickly, and enables 
the general behaviour of any network to be studied rapidly and 
with a great saving of arithmetical labour. 

§ 54. The Homographic Transformation applied to a General Network. 

For a network, such as is discussed in Chapter II., having 
constants Z, 6 and <£, the impedance measured at T X T 2 is 

— cosh (9 + <ft) 4- Z sinh 0 , 

~' 1 ~ 0 sinh 6 4 - Z cosh (6 — <£) 

Comparing it with the standard form of transformation of the 
previous section we see that 

a = Z cosh (6 + ) 

b = Z 2 sinh 0 
c = sinh 6 
d = Z cosh (0 - <f>) 
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In the geometrical construction the first step is to establish a 
new origin at the point — djc. 

From 54.2 

_ § _ Z Cosh (Q ~ 4>') e, o 

e ~~ sinh 6 ... 

and a comparison with 13.19, Chap. II., shows that this is — z/. 

Now Z/, the impedance of the network measured at T/ T 2 ' with 
T x T 2 open-circuited, is the impedance of a passive network and 
therefore its real part must be zero or positive. Hence — dje has 
its real part zero or negative and therefore 0 2 cannot lie on the 
right-hand side of O x in Fig. 135. 

. Consider next the other change of origin— 

_ 5 - _ z cosh eg + 40 

c sinh 6 ' * * * 

Comparing with formula 13.19, Chap. II., we see that — C ^^h^ ^ 
is Z f , the impedance of the 

network measured at T X T 2 J 

with T 1 / T 2 ' free. From this 

we deduce that — ajc has - * / 

always its real part nega- 1 f \ 

tive or zero, and thus in Fig. J l s' ^ J 

135 O a cannot lie on the I s^C s^ 

right-hand side of O a . I o f 

We may note in passing 1 oks'A) _ 

that, referred to O x as origin,__ " _ -+- 

Oo is the point 

- (z / + z/), ; ok 

03 

i.e. the point 

— 2Z coth 0 cosh <f>._+ 

°3 

If the network is sym¬ 
metrical, so that <fi — 0, then - Fig * 136 - 

- = - = Z 0 coth e, 

C C 

and therefore Oj, 0 2 , and O s are collinear, and 0 2 is the mid-point 
of OiOa- 

We now require to examine the value of 

be — ad 
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It is equal to 

Z 2 {sinh 2 6 - cosh (0 + c£) cosh (6 - <p)\ 

___ 3 

which readily reduces to 

„ 2 cosh 2 </> 
sinh 2 <9 7 * 

and if the network is symmetrical it simplifies to 

Z 2 

__ 

sinh 2 0 

§ 55, The Circle Property of the Homographic Transformation. 

We have seen that the homographic transformation involves 
two changes of origin, an inversion and a reflection. Suppose that 
2 ; moves round the circumference of a circle, then it is clear that 
z x must move round the circumference of a circle since the inverse 
of a circle is a circle and the changes in origin and reflection 
cannot affect the shape of the curve ; of course in this we must 
regard a straight line as a circle of infinite radius. 

We shall now proceed to solve the problem :— 

Given that 2 ? describes a given circle, determine the circle that 
z x describes in the 2 ^-plane. 

As described in § 53, let O l9 0 2 , O a be the origins of the systems 
of axes. 

Let z describe a circle of radius r about a point P 1 , which, 
referred to the axes through 0 lt is the point x + jy ; let this circle 
be denoted by S x . 

Let 

d/c = x' + jy' \ 
and a/c = x" 4 - jy") 

Let C^P-l cut the circle S x in the points A and B and let A' and 
B 7 be the inverse points of A and B with respect to the circle, with 
0 2 as centre and radius fju. Let S 2 denote a circle with A 7 B 7 as 
diameter. Then S 2 will be the circle obtained by inverting 
with respect to the circle of centre 0 2 and radius jjl. 

To complete the construction it is necessary to reflect the circle 
S 2 in O a Q and obtain the final circle S 3 ; this does not alter the 
linear dimensions, so that A'B 7 is equal to twice the radius of S 3 . 
Referred to O a as origin P is the point 
(x 4- x') 4 - j(y + y') 

D 2 = (x 4- x'Y 4- (2/ 4 - y'y 2 
128 
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the length of OgPi is equal to D and the lengths of 0 2 A and 0,B 
are respectively I) — r and D 4- r. 

Hence the lengths of 0 2 A' and 0 2 B / are respectively 


D - 


and 


D 


j*. 


so that the diameter of S 2 and therefore of S 3 is 




1 ' 


^ VD - r 

D -hr. 


2r 



- r 2 



be — ad 

2 r 


d* 

D 2 - r 2 


55.3 


A simple corollary is that the diameter of S 2 and therefore of 
S 3 depends only on the radius of S 2 and the distance of its centre 
from 0 2 . 

It is now necessary to determine the position of the centre of 
S 3 referred to 0 3 as origin. 

The distance of the centre P 2 of S 2 from 0 2 is 


«o 2 A' + o 2 bo, 

which is equal to 

- r + D + r) = 

Let V + V , = tan 8. 

X 4 - X 


fj?T> 

D 2 - -r 2 * 


Then P 2 is the point 



/l 


referred to 0. 2 as origin. 

The centre of S 3 is the reflection of P 2 in OQ and is therefore 
the point 

-/ 2 -Jr - 8 

D 2 _ r 3 ^ -X - 


referred to 0 2 as origin. 

On making the final change of origin to 0 3 , P 3 the centre of S 3 
is the point 

- 8 + ar+ jy", . . 55.4 
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or 

C0S (2 ^ " S) + X "} + ain (2 * ~ S > + 2/"}> 

and therefore 55.3 and 55.4 give the complete solution of the 
problem undertaken. 

Two important properties of circles and their inverses which 
will be required later on may be noted here :— 

A circle S x is inverted with respect to a circle whose centre is 
X giving a circle S 2 . Then 

(1) if X lies outside the circle S x all points within the circle S x 
will invert into points within the circle S 2 , and 

(2) if X lies inside the circle S 1} all points within the circle S x 
will invert into points outside the circle S 2 . 

§ 56. The Terminal Impedance Circle of an Electrical Network. 

The terminal impedance 0 is a passive network, i.e. the real 
part of its impedance is either zero or is positive ; thus z must lie 
in the half of the plane to the right of the imaginary axis 
through O x . 

The imaginary axis through O x can be regarded as the circum¬ 
ference of the circle of infinite radius whose centre is at the point 
+ qo on the real axis. Thus any value of # whose real part is not 
negative must lie within this circle. 

The infinite circle we take as the circle S x ; on inverting we 
obtain the circle S 2 . Since 0 2 lies outside S x (for we have already 
proved that O a is to the left of O x ), all points within S x will invert 
into points inside S 2 and finally, on reflection, become points inside 
S 3 . Hence the sending-end impedance, whatever the value of the 
terminating impedance, must lie within the circle S 3 so obtained, 
and if # is a pure reactance it must lie on the circumference of S 3 . 

The circle S 3 is called the Terminal Impedance Circle. It is 
obtained simply by inverting the imaginary axis through C) 1 with 
respect to the circle of radius ja and centre O a and then reflecting 
the circle so obtained in 0 2 Q. 

From the formulas of the last section we can calculate the 
diameter and position of the centre. 

To obtain the diameter put 

x = r = h —> 00 , 

y = 0 , 

D 2 = (h + coy + y' 2 . 

ISO 
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From 55.3 the diameter is given by 

^ (A. + a?') 2 + y' 2 - h* ~W- ■ 

. To obtain the centre 

S = 0 when h is infinite. 

. P _ Jim V(A + gg 

* ‘ D 2 - r 2 + a /) 2 4 - 2/' 2 - £ 2 ~ 

J_ 

~ 2rr'* 

Hence the centre is the point 

^ /2± + *" + jy" ] 


she — ad\ 


+ » + .73/ 


From this equation we deduce that O a Q is the bisector of the 
angle that the line joining the centre to 0 3 makes with the positive 
real axis. 

The graphical construction of the terminal impedance circle is 
very simply carried out on a drawing board. 

§ 57. Terminal Impedance Circles. Simple Examples. 

A simple ease of frequent occurrence in the literature of coupled 
circuits is where a resistance R is shunted by an impedance s 
(Fig. 137). 


From first principles 


So that 


1 ~~ R + z' 
a = R, 

5 = 0, 
e=l, 
d = R. 
dje = R, 

= R, y' = 0, 
ajc = R, 

x" = R, y" = 0, 


be — ad 


hence 


= 77-/2, 

Lb = R. 
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From 56.2 the diameter of the impedance circle is 
juP/as' — R 2 /R = R 

and the centre is the point 

+ oo" + jy" 

2x JJ 

= - R 2 /2R + R 
= R/2. 

Thus the terminal impedance circle is as shown in Fig. 138, 
so that, whatever the value of the impedance z, the impedance 
measured at TjTg must lie either on or within this circle; it 
must lie on the circle if 2 ? is a pure reactance ; for example, we see 
that the reactance of the network must lie within the limits ±yR/2 
ohms. 

Another simple case is shown in Fig. 130. 


5-mVvw 



Fig. 137. Fig. 138. 

The sending-end impedance is 
z, — r-, 4- 

1 X yy. 


Fig. 139. 


Here 


+ z 

_ z(7\ + or 2 ) + 
z H- n\, 
(l = 4 " 

b = r,r. 2 , 


c 

= 

1, 

d 

— 


d/c 



X 


bO 

II 

a/c 

= 

+ r 2 , 

x" 

= 

+ ^2> 

ad 

= 

- r 2 2 > 


y" = o, 
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hence the radius of the impedance circle is rj 2, and the centre is 
the point r ± 4 - t* 2 /2 on the positive real axis. 


§ 58. The Terminal Impedance Circle of an Artificial Line. 


The case of an artificial line of n sections can he deduced from 
the equations of § 54 by replacing 0 by nO and putting ef> = 0. 
Hence 


ajc = djc = Z 0 coth nO, 
be - ad _ / Z 0 \ 2 

c 2 \sinh nOj 

Let 


Z 0 = X + /Y. 

Then 


and 


x ' + jy' = oc" 4 - jy" 

= Z 0 coth 7 %6 

= (X 4- jY) coth 4- j/S) 

X sinh 2^a. + Y sin 
~ 2(cosh 2 na — cos 2 

Y sinh 2na — X sin 2 nj3 
+ ^ 2(cosh 2 na - cos 2 77 / 3 ?) 7 



X 2 4 - Y* 


cosh 2 net — cos 2 71/3 


58.1 


58.2 


Hence if the radius of the terminal impedance circle, which by 56.2 
is jj~f2x, is p, it is given by 


X 2 + Y 2 

X sinh 2 na 4- Y sin 2 nj3 


58.8 


Suppose now that a curve is drawn in which the radius of the 
impedance circle is plotted against n for a given fixed frequency. 

In the case of the artificial line we are interested only in 
integral values of n, but the same formulae hold for a uniform line 
if n is replaced by Z, the length of line, and 0 by P, the propagation 
constant of the line. 

The numerator of p is constant; in the denominate!’ X sinh 2 na 
will steadily increase as n is increased, but the second term will 
oscillate from - Y to + Y. 
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§ 58 

Hence as n increases p will in general diminish, but will also 
undulate between the two curves 

__ X 2 + Y 2 . 

P X sinh 2 na ± Y ? 

these two limiting curves will approach one another as n increases. 

The general effect is shown in Fig. 140, which, liowever, is not 
drawn to any scale ; it is closely related to the well-known Ferranti 
Effect in cables. 

The co-ordinates of the centre are given by 
Z 2 

__£|o_ 

1 . sinh* n (a + ,;/3) , 

2 Real part of Z 0 coth n.d 
Replacing Z 0 by X + jY this reduces readily to 

X 2 cosh 2 na + Y 3 cos 2 n/3 + j?XY(cosh 2 na - cos 2 njQ') 

X sinh 2 na -+■ Y sin 2 n/3 

Consider the effect of increasing n, the number of sections; 

cosh 2 na and sinh 2 na 
will increase with n, but 
cos 2n/3 and sin 2 n/3 will 
vary periodically between 
1 and — 1. Hence, if we 
plot a curve showing the 
real co-ordinate of the 
centre with n as abscissa 
we shall obtain a curve un¬ 
dulating about X coth 2 na 
in a very similar way to 
the undulation occurring 
in the case of the radius 
shown in Fig. 140. Simi¬ 
larly, the imaginary co¬ 
ordinate undulates about 
Y coth 2 na. Ultimately 

as n becomes very large 
the centre approaches 
coth 2 na and when n is 
infinite the centre reaches 
the point Z 0 . If three axes at right angles, one of n and the 
other two of resistance and reactance, were taken it would be 

134 



Curve I is p = 
Curve II is p = 
Curve III is p — 


Number of sections. 

X 2 Y 2 


X sinh 2na -j- Y sin 2np’ 
_X 2 _-f_Y a _ 

X sinh 2na — Y’ 

X 2 + Y 2 
X sinh 2na. + Y* 

Fig. 140. 
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possible to construct a curve on which the centre of the terminal 
impedance circle lies; it would be of the form of a bent and 
diminishing corkscrew. 

§ 59. Constant Resistance and Constant Reactance Circles. 

It has already been seen that the first step in obtaining the 
terminal impedance circle is to invert the imaginary axis with 
respect to a circle, centre 0 2 and radius //,; we then obtain a circle 
passing through 0 2 , the centre of this circle lying on the line through 
0 2 parallel to the real axis; this circle we have called S 2 . 

NTow suppose that the terminal impedance is specified as having 
a fixed resistance r x and a reactance which may vary from — oo to 
4 - oo . Then # will lie on a straight line parallel to the imaginary 



axis at a distance to the right of 0 2 . If we invert this line with 
respect to the circle, centre 0 2 and radius /*, we obtain a circle 
which touches S 2 at (X and lies within S 2 ; call this circle S 2 (-r 2 ). 

Similarly, by inverting each line of constant resistance we can 
construct a whole series of circles S 2 (r 2 ), S 2 (V 3 ), etc., all of which 
will touch S a at 0.,; this procedure gives us Fig. 141. 

If we now reflect S 2 , S/rJ, S 2 (y 2 ), etc., in 0,Q and change the 
origin to 0 3 we obtain a set of circles S 3 , S 3 (/r 2 ), etc., as shown 

in Fig. 142 which has been drawn apart from Fig. 141 to avoid 
confusion: S 3 is, of course, the terminal impedance circle. 

Consider the significance of these circles ; if 2 ; lies on the imagin¬ 
ary axis through O l , i.e. if z is a pure reactance, then z must lie on 
the circle S 3 . If 2 ? lies on the line parallel to the imaginary axis 
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at a distance r x to the right of it, i.e. if 3 has a constant resistance 
component r x and a variable reactance component, then 0 must lie 
on the circle S 3 (r x ). 

Hence we can map out the interior of the terminal impedance 
circle by a set of circles all touching it at the point 0 2 , each circle 
corresponding to a definite resistance r. If r is the real part of 
z, z must lie somewhere on the circumference of the circle S 3 (r). 

In an exactly similar way we can construct a series of constant 
reactance circles. 

Suppose, firstly, that 0 is non-reactive, then must lie on the 
real axis through O l3 and on inverting the real axis with respect 
to the circle, centre 0 2 and radius //, we obtain the circle S 2 . 



Imaginary Fart of dj c Positive. Imag/nary Part of d/c Negative . 

(cl) (h) 

Fig. 143. 

There are two cases according as the imaginary part of d/c 
is positive or negative, i.e. according as 0 2 is below or above O x . 
Take first the case where the imaginary part of d/c is positive ; 
O a is below O x . Then 82 ', the inverse of the real axis, cuts the 
circle S 2 , the inverse of the imaginary axis, orthogonally at O a 
and O/, where 0 2 ' is the other point of intersection. 

Now all values of z, which have positive reactances, must lie 
above the real axis through O x . They must, therefore, invert into 
points within the circle S. 2 \ Similarly, all values of 2 ? where the 
reactances are negative must invert into points outside the circle 
S 2 '. Fig* 143 shows how S 2 is divided by S 2 ' depending on whether 
the reactance of # is + or — . 
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After reflection and change of origin we obtain the circle S/, 
which cuts the terminal impedance circle orthogonally at O a and 

o 2 ". 

If # has a positive reactance, z 1 must lie inside both the circles 
S 3 and S 3 '; if 0 has a negative reactance z x must lie in that part 
of the circle S 3 which is outside the circle S/. 

For the second case, where d/c has a negative imaginary part 
we see that if 0 has a positive reactance, % must lie inside the 
circle S 3 and outside the circle S 3 'r~ 

The circle S 3 7 might be called the Terminal Zero Reactance 
Circle ; its radius and centre can be calculated in exactly the same 
way as in the case of the terminal impedance circle: an extremely 
interesting case of a Terminal 
Zero Reactance Circle is 
given in Ex. 7 at the end 
of the chapter. 

Just as we constructed 
constant resistance circles 
we can construct constant 
reactance circles; after in¬ 
verting and reflecting, we 
get a set of circles S z(j r i)> 

S s '(jr 2 '^), etc., all of which 
touch the terminal zero re¬ 
actance circle at 0 2 ; every 
constant resistance circle cuts 
every constant reactance circle orthogonally. 

Thus by means of the two systems of constant resistance 
circles S 3 (r) and constant reactance circles S s '(jr') 7 we can map 
out the area of the terminal impedance circle as shown in Fig. 
144, each element of area of the circle S 3 in the ^-plane, bounded 
by four orthogonal circular arcs, corresponding to a rectangular 
element in the right half of the sr-plane. This is, of course, a 
simple case of Conformal Representation. 

When this system of circles has been constructed z lt correspond¬ 
ing to each value of 2 , can be determined immediately; thus if 
z — x + jy then z x is given by the point in the terminal imped¬ 
ance circle where the constant resistance circle corresponding to x 
cuts the constant reactance circle corresponding to y . 

Of the constant reactance circles one will be a straight line and 
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a diameter of S 3 —the corresponding constant value of reactance 
will be equal and opposite to that of djc. 

§ 60. Constant Terminal Angle Circles. 

Suppose 0 moves along a straight line through O lt i.e. let the 
terminating impedance be variable but have a constant angle or 
power factor. A little consideration will show that the correspond¬ 
ing locus for , is the arc of the circle which passes through 0 2 

and 0 2 ", cutting the terminal im¬ 
pedance circle at an angle equal 
to the angle that the locus of # 
through O x makes with the 
imaginary axis; Fig. 145 shows 
the arcs for + 7r/4 and — 7 t/4 in 
the case where the imaginary pai~t 
of djc is positive ; arc I corre¬ 
sponds to + 7r/4, arc II to — 7 t/4. 

In this way the area within 
the terminal impedance circle can 
Fig. 145. be divided into lunes by a series 

of constant terminal angle circles. 

The chord 0 2 0 2 " represents in the ^-plane all impedances in 
the #-plane having a constant angle equal to that of djc : the zero 
reactance circle is the circle of zero terminal angle. 

§ 61. Frequency Impedance Circles. 

In general, for an electrical network, the homographic trans¬ 
formation which is applied to z in order to obtain the sending-end 
impedance % depends on frequency, and thus the values of the 
radius and the co-ordinates of the centre of the terminal impedance 
circle depend on frequency. But if the network consists entirely 
of resistances the radius and centre are independent of frequency : 
moreover, yu,, and the points O a and 0 3 are also independent of 
frequency. 

If such a network is terminated by any fixed impedance z and 
the frequency varied and we then carry out the graphical process 
of § 53 to determine z 1 we find that must lie within the terminal 
impedance circle of the network, so that in this case the terminal 
impedance circle can be called the Frequency Impedance Circle. 
If z is a pure reactance z x lies on the circumference of the frequency 
impedance circle at all frequencies. 
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§ 62. Terminal Impedance Admissible Areas. 

In the last section it has been shown that if a network consists 
entirely of resistances, a single circle can be drawn sneh that what¬ 
ever the frequency or the value of z x lies within or on the circle. 

In the more general case, however, where the circle varies with 
frequency, its envelope will trace out an area, which may be called 
the Terminal Impedance Admissible Area, such that whatever the 
frequency or the value of 0 , z x must lie within the area. 

The general determination .of the envelope is impossible, but 
two simple cases will be considered. 

First consider a single T section in which A is a resistance R 
and R a capacity C. The centre of the circle is the point 

1 JL 

r + 2ro> 2 C 2 a> C 

and its radius is 

1 

2ra> 2 G 2 * 


Let x and y be the co-ordinates of the centre, the imaginary 
axis being the axis of y, and the real axis the axis of x; then 


Eliminating co we have 


x 


T + 2r« 2 C 2 


y = - 


«C‘ 


1 0 

a® = r + 2^*2/% 


which is a parabola whose vertex is at the point (r, 0) and whose 
semi-1 atus rectum is r; the centre of the circle lies on the lower 
half of this parabola. This is shown in Fig. 146 in which A is 
the vertex and S the focus of the parabola and 

O s A = r, 

AS = r/2. 

At a definite frequency co, the centre of the terminal imped¬ 
ance circle will be the point H on the parabola. The directrix is 
a line parallel to the 2 /-axis bisecting O s A. Draw HN, the per¬ 
pendicular from H to the directrix; construct a semicircle with S 
as centre and AS as radius to lie in the lower half of the plane, 
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and let it cut SH at M and the real axis again at A". Draw the 
tangent at the vertex. 

The radius of the terminal impedance circle is l/2ro> 2 C 2 , and 
therefore since the x co-ordinate of H is r l/2r<o 2 C 2 and 
O s A = r, the terminal impedance circle will touch the tangent at 
the vertex for all values of co. 

Next consider the length of MH. By the definition of a parabola 


SH = HN = \ + 


1 

WC'« ' 


Therefore, since SM — r/2, 

HM 


_1 __ 

2ro) 2 C 2 ’ 



Fig. 146. Fig. 147. 

which is the radius of the terminal impedance circle; thus this 
circle must also touch the semicircle AM A" for all values of co. 
Thus the shaded area in Fig. 146 gives the terminal impedance 
admissible area. 

As a second example, consider a single T section in which A is 
an inductance L, and JB a resistance r. 

The radius of the circle is rj 2 and its centre is 

rj 2 + jcolu. 

Hence the admissible area is, as shown in Fig. 147, an infinite 
strip, of width r, in the firBt quadrant together with a semicircle 
in the fourth quadrant. 
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By taking three perpendicular axes, one of frequency and the 
other two of resistance and reactance respectively, we can construct 
solid models of what may be termed Admissible Spaces: thus, for 
the example last considered the model would be a cylinder of ellip¬ 
tic cross-section. 

§ 63. Filters and Purely Reactive Networks. 

If the network is purely reactive d/c is imaginary and 0 2 lies 
on the imaginary axis through O x . When we proceed to invert 
the imaginary axis with respect to the point — djc , we are invert¬ 
ing a line with respect to a point on it, in which case the inverse 
is the line itself: thus the terminal impedance circle becomes of 
infinite radius. The constant resistance circles, however, are of 
finite radius for all finite values of resistance. 


EXAMPLES. 


1. Prove that, as ft varies from — tt/2 to tt/ 2, while cc remains constant, 
tanh (a -f~ j ft) traces out a circle in the complex plane, the centre being at 
the point coth 2a and the radius being 1 / sinh 2a. 

Note that 


tanh (a + jft) = 


j tan ft -j- tanh a 
j tan ft tanh oc -j- 1* 

i.e. tanh (a -j- jft) is obtained by applying a homographic transformation to 
j tan ft . Similarly coth (a + jft) can be obtained by applying a homographic 
transformation to j tan ft. These constructions can be carried out graphically 
and should be compared with the Kennellv Chart Atlas. 


2. The square of the characteristic impedance of a uniform transmission 
line is given by 


2 _ R + JeuL 
° S + jwC’ 

and is therefore obtained by applying a homographic transformation to co as 
co moves along the real axis from 0 to -f- co. 

Show that Z 0 3 lies on a circle whose centre is the point ^-(R/S -f- L/C) on 
the real axis, and whose radius is ± -^(R/S — L/C). (This gives a simple 
graphical method of obtaining Z 0 .) 

3. Show, in the case of the first simple T network considered in § 62, that 
unless o» < l/2rC the network cannot have a finite positive reactance, what¬ 
ever the value of the terminating impedance. 


4. The sending-end impedance of a filter for a transmitting band ter¬ 
minated by an impedance z is 

_ z cos nd -f- jZ Q sin n0 

271 0 Z 0 cos nd -f- jz sin nQ 

_ Z 0 z -f- jZ 0 * tan nd 

Z 0 + jz tan nd ’ 
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and thus is obtained by applying a homographio transformation to tan nO. 
As n varies, tan nQ moves along the real axis in the complex plane. Hence 
show that the points z ly z Zf z a , etc., lie on a circle. 

Show also that for a frequency in an attenuating band the points 
etc., a l so He on a circle. 

5. If a network has three pairs of terminals, and if two external impedances 
are co nn ected to two pairs of terminals and are varied together so that the 
impedance measured at the third pair of terminals remains constant—show 
that the two impedances are related homographioally. 

6. Show for an artificial line of which the sections consist entirely of resist- 
tances that z 19 2 a , z 3 , etc., the sending-end impedances of 1, 2, 3, etc., sections 
terminated by a fixed impedance, lie on the circumference of a circle. Com¬ 
pare with Ex. 7 of Chap. II. 

7. If, in Eig. 49 of Ex. 4, Chap. II, T/ T a ' are taken as input terminals 
and E and I) are pure reactances such that E = — 21), then the Terminal 
Zero Reactance Circle is a circle with the origin O it as centre. 

Hence, if a voltage is applied to Ti' r JV and a variable resistance is con¬ 
nected across TiT 2 , the input current will remain constant in amplitude and 
vary only in phase as the resistance is varied from 0 to go . 

(H. M. Turner, “ Proc. I.R.E.,” Nov. 1928.) 
Show also that every filter has this property for frequencies in its trans¬ 
mitting bands such that 

nS — mrr ± tt/4 

where m is any integer. 
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CHAPTER IX. 


THE GENERAL THEORY OF THE MULTISTAGE 
THERMIONIC YALYE AMPLIFIER. 

§ 64. The Single Valve. 

Up to the present passive networks alone have been dealt with, 
but the problem of the multistage amplifier can be treated by 
a slight extension of the theory of repeated networks given in 
Chapter II. 

In dealing with a single valve the equivalent circuit shown in 
Fig. 148(a) is in general use. There is, however, an alternative 
equivalent netwoi'k shown in Fig. 148(6) in which the sine wave 
surrounded by two circles represents a constant current generator 
giving a constant current me/p, where m and p are the amplification 



constant and internal resistance of the valve respectively, while e is 
the voltage applied between grid and filament. This alternative 
network has the very great advantage over that of Fig. 148(a) 
that it throws p, C 3 and the external anode load impedance all in 
parallel as a shunt load on the constant current generator. This 
alternative form is used by Butterworth (“ Experimental Wireless,” 
June, 1929). 

The equivalence of the two networks depends on the following 
easily proved relation between constant current and constant 
voltage generators:— 


14S 





64 


ARTIFICIAL LINES AND FILTERS 


A constant voltage generator of voltage v having an internal 
series resistance r is identical in action to a constant current 
generator giving a constant current vjr and having an internal 
shunt resistance r. 

Let the impedance of the grid anode capacity be represented 
by a and let the impedance of p and C 8 in parallel be 6, so that 

l = y® c 2 

i i . „ 
b “ p + ■ ;a,Cs - 


Then omitting the grid filament capacity C l? the network to be 


CL 



F 

Fig. 149. 


combined impedance of b and 


dealt with takes the simple form 
shown in Fig. 149, where k is 
written for m/p and is thus what 
is usually termed the Mutual 
Conductance of the valve. 

Assign circulating currents i x 
and i 2 to the first two meshes of 
this network ; the applied voltage 
e must be equal to the sum of 
the voltage drops across a and 
Hence 


e 


ai x + 


b + z ' 


64.1 


The algebraic sum of the three currents flowing into the junction 
point A must be zero, i.e. 

i x — he — i 2 = 0 

^ / v 2 ~ ke ... 64.2 


These two equations give i x and i 2 

* = <1 + bk) + b 

2/1 e ‘ z(a 4- b) -+- ab " 
Thus the input impedance z 1 is given by 

__ e _ z(a -+- b) + ab 
Zx ~ <1 + bJcj + b 


64.3 


This is of course only that part of the input impedance due to 
the presence of grid anode capacity—it will be called the Additional 
Input Impedance —to obtain the actual input impedance the grid 
filament capacity C a must be added in parallel. 
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Consider next the current through 0 ; from 64.1 and 64.2 


i = e ( 1 Z + ffl 

2 + 6 ) + ' 


Of this current a fraction g—.- will flow through 0 so that the 

current through z will be 

e(l — a7c)b 
z(a + b) + ab’ 

and the receiving-end impedance y x will be given by 

_ <a + V) + ab 

-(I -«*)& ‘ • • ' 64 ‘ 5 

The voltage amplification, i.e. the ratio of the voltage across 0 to the 
input voltage e will be 

g( L - afe)6 . . 64 . 6 

+ 6) + cob 


§ 65. The Direct Coupled Multistage Amplifier. 

A direct coupled amplifier will be defined as one, such as 
a simple tuned anode or resistance amplifier, with a coupling eon- 



ao 

Fig-. 150. 


denser so large that its impedance may be neglected; the impedance 
in the anode of one valve is then electrically in parallel with the 
grid filament impedance of the following valve. The multistage 

14S 30 
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§ 65 

amplifier of n similar valves and couplings can be drawn as 
Fig. 150(a), where u is the coupling impedance, i.e. the impedance, 
the anode and grid coupling impedances in parallel. The grid 
filament capacity of the first valve is omitted. 


CL 



Fig. 151. 


Let d be the impedance of p, C 3 , u and C-t in parallel so that 

a - J + h * i " < °‘ + 

1 1 

and also let r- = -h jco C 3 

o p 

The amplifier can now be redrawn in the simplified form shown in 
Fig. 150(5) and has been reduced to a repeated network of n units 


cl a. 



Fig. 152. Fig. 153. 


of which all but the last are similar. We can now redraw the last 
stage as Fig. 151 and if the impedance of b, - d and z in parallel be 
z so that 

1 = 1 _ 1 1 

b d z 

Fig. 151 may be redrawn as Fig. 152, and substituting this for 
the last stage in Fig. 150(5) the network reduces to n simple 
networks such as Fig. 153 terminated by z. 
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Let the additional input impedance of the ti stage amplifier be 
z n . If there is only one valve, then from 64.3 


__ z'(a + d) + ad 
Zl ~ z\ 1 + kd) + d 


65.1 


and z 1 is thus obtained from z' by a homographic transformation; 
z 2 will of course be obtained by applying the same transformation 
to z v that is, by two successive applications to z'. 

If now we choose three constants Z, 0, and <p so that 

cosh (0 + <£)_- a 1 
cosh (d - <p) ~ + d | 


Z sinh 0 __ 

cosh (0 - (p) ~ a 

sinh 8 _ 1 + kd 

Z cosh (0 - (p) ~ d , 


65.2 


equation 65.1 takes the form 

_ y d cosh (Q + <p) + Z sinh 6 
~ z sinh 6 -h Z cosh (6 — <p) 

But this is of exactly the same form as 13.16 of Chapter II. when 
n = 1 and therefore, as therein shown, 


cosh (n0 + (p) + Z sinh ti 9 
z sinh 7i0 +• Z cosh {n8 — <p) 


65.4 


and we have thus determined the additional input impedance of 
the n stage amplifier. 

Let us now consider the receiving-end impedance, taking z' as 
the terminal impedance :— 

From 64.5 


Vi = 


z'(a + d') + ad 
(1 - ak^d 


65.5 


The numerator of the right-hand side of this equation is the same 
as that of the right-hand side of 65.1 and thus the equation may 
be written 

__ c ° 8 k (# + <fr) + Z sinh 0 ^ 

V 1 ~ fji cosh <p 


where fju is a new constant to be determined by 
Z sinh 0 _ a 
fju cosh cf> 1 — cik 
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§ 66 

Equation 65.6 can be compared with the corresponding equation 
13.21 and it will be seen that were the network passive we should 
have 

M — 1 

Following an argument exactly similar to that used in § 13 it 
can be shown that 

z cosh (nO + <£) + Zsinh nO 0 

**--——> • • 65 - 8 

which differs only from 13.23 by the presence of //A 

The output voltage of the amplifier is the voltage across z, but 
this is also the same as the voltage across sf. Hence the output 
voltage 

__ ez f __ ez'fj, n cosh cf> 

~ y n ~~ z cosh (pnO + <£) + Z sinli nS 

and the voltage amplification is 

_ gAgcosh 4 > _ 65 g 

z cosh (nO -+■ <£) 4- Z sinh nO ' 

Equations 65.4 and 65.9 together with their auxiliary equations 
thus give a complete solution of the problem. 

§ 66. The Multistage Amplifier with any Coupling. 

If the coupling between valves is not direct it can always be 
represented by an equivalent II shown as g , h , q in Fig. 154. 

CL 7l CL 



Fig. 154. 


Let the impedance of p, C 3 and g in parallel be s so that 

1 
s 


11 . _ 

- + - + jcoC 3 , 


and the impedance of q and G x in parallel be t so that 

11 . ~ 

* “ q + 
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Then an n stage amplifier can be drawn as in Fig. 155, and if 
we put 



the last stage becomes as Fig. 156, and the amplifier can then be 
considered as made of n networks such as Fig. 157 terminated by 


cu h a, ob Tv 



Fig.- 155. 


On woi'king out the input impedance and receiving-end imped¬ 
ance of this network in a way similar to that used in § 64, we find 
that 


z'{(h 4 t)(a 4 s) 4 as} + t(as 4 ah 4- hs ) .. 

** ” z'{(h 4 0(1 + ha) + s} + t(h + kks 4 a) * b * 

and 

_ z'{(h 4 t)(a 4 5) + as \ + K as + a * 1 + hs) aa ^ 
2/1 atC 1 - a*) ' 





Fig. 157. 


Following on the same lines as in the previous section, if 
Z, 6, <fi, and yu, are chosen so that 

cosh (0 4 <£) __ (h 4 t)(a 4 s) 4 as 

cosh (0 — <fi) i(as 4 ah 4 hs) 

Z sinh 0 _ as 4 ah 4 hs 

cosh (0 — </>) A 4 Aks 4 s 

sinh 6 _ (h + 0(1 4 &s) 4 5 

Z cosh (0 — cf>) t(h 4 hks 4 s) 

Z sinh 0 __ as 4 aA 4 hs 
/jl cosh <f> ~~ s( 1 — a£) 
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§ 67 

the additional input impedance and the voltage ratio are deter¬ 
mined by the same equations 65.4 and 65.9 as in the previous 
section—the values of Z, 0 , <p and p, being of course obtained 
from 66.3. 

§ 67. The Equivalent Valve Circuit when Grid Current Flows. 

So far we have dealt with the valve with the assumption that 
there has been grid bias sufficient to prevent grid current. If, 



however, the grid bias is positive and grid current is flowing the 
equivalent circuit for the valve is more complicated and can be 
drawn as in Fig. 158 * where a fictitious source of voltage, pro¬ 
portional to e P , the change in anode voltage, together with a , series 
resistance p' has to be added between grid and filament; arrows 
have been put in the diagram to show the directions in which the 
voltages act. 

Though apparently much more complicated than the equivalent 
circuit of § 64, it can be dealt with in exactly the same way. 



Replacing the fictitious sources of constant voltage by constant 
current sources we can replace Fig. 158 by Fig. 159, where 
]c = TYi'/p', just as Fig. 148(6) replaced Fig. 148(a) in § 64. 

We now require to determine the input impedance, the receiv¬ 
ing-end impedance and the voltage amplification ; in calculating 
the input impedance we can leave out C x and p and consider only 

* E. L,. Chaffee, “ Proc. I.R.E.,” 17 Sept., 1929, page 1633. 
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the additional input impedance due to currents through C 2 and the 
constant current generator 7c e p . 

If now we let 

1 (a = jcoC 2 
1/b = 1/p 4 - jcoC 3 

then we have to consider the simple circuit shown in Fig. 160. 

Assign circulating currents to the first three meshes and let d 
be the impedance of b and z in parallel so that 

1/d - 1/b + 1/z. 

Then the voltage across a added to the voltage across d must be 
equal to e, i.e. 

ai 2 + di 3 = e. . . . . 67.1 



r 

Fig. 160. 


The sum of the currents flowing into the junction point A must be 
zero * 5 hence 

i 2 — i 3 — ke = 0. . . . 67.2 

Similarly the sum of the cuz^rents flowing into the junction-point 
G must be zero ; hence 

'ij — ^2 "f“ 7c'Cp = 0. 

But e P is the change of anode voltage and is equal to - di 3 ; hence 
substituting for e P 

i x — — 7c'di z =0. . . . 67.3 

From these equations i ly i. 2 and i 3 can be obtained— 

. e(l Hh Ted 7c d adTcTc ) 

^ ~~ (a 4 - d ) 

z{l 4- b(7c 4- A; 4- ccTcJc'^} 4- b . 

~~ e * z(a 4 b) ~hab 


1 — ak 

H “ 6 ' QT+S) 


67.5 
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Of these equations, the first, 67.4, gives the additional input im¬ 
pedance, while from the second it follows that the current through 
which is equal to 6f 3 /(5 4- #), is 


eb( 1 — ale) 

(b 4- Z^)(CL 4* (&) 
eb(l — ah) 
z(a 4- b) 4- ah’ 


67.6 


This gives us the receiving-end impedance and therefore also the 
voltage amplification. 

We could proceed now and develop the theory of the multi¬ 
stage amplifier with grid current; to do so requires only minor 
alterations in the procedure of the two previous sections. 

It is remarkable (Chaffee, l.c.) about the equivalent circuits of 
Figs. 158 and 159 that they are of the same general form whether 
GF or AF are taken as input terminals, and thus by merely inter¬ 
changing C L , p and m' with C 3 , p and m respectively we can 
calculate the impedance of an amplifier viewed from the anode of 
the last valve with a given impedance connected between the grid 
and filament of the first valve. 
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-transmitting band, 107. 
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Hersehel’s “Finite Differences,” 51. 
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